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Abstract

Purpose – This paper aims to study almost Ricci–Yamabe soliton in the context of certain contact metric
manifolds.
Design/methodology/approach – The paper is designed as follows: In Section 3, a complete contact metric
manifold with the Reeb vector field ξ as an eigenvector of the Ricci operator admitting almost Ricci–Yamabe
soliton is considered. In Section 4, a complete K-contact manifold admits gradient Ricci–Yamabe soliton is
studied. Then in Section 5, gradient almost Ricci–Yamabe soliton in non-Sasakian (k, μ)-contactmetricmanifold
is assumed. Moreover, the obtained result is verified by constructing an example.
Findings –Weprove that if themetric g admits an almost (α, β)-Ricci–Yamabe solitonwith α≠ 0 and potential
vector field collinear with the Reeb vector field ξ on a complete contact metric manifold with the Reeb vector
field ξ as an eigenvector of the Ricci operator, then the manifold is compact Einstein Sasakian and the potential
vector field is a constant multiple of the Reeb vector field ξ. For the case of completeK-contact, we found that it
is isometric to unit sphere S 2nþ1 and in the case of (k, μ)-contactmetricmanifold, it is flat in three-dimension and
locally isometric to Enþ1 3 Sn(4) in higher dimension.
Originality/value – All results are novel and generalizations of previously obtained results.
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1. Introduction
The theory of geometric flows plays a significant role in understanding the geometric
structure in Riemannian geometry. Hamilton [1] introduced the concept of Ricci flow. A Ricci
soliton is a self-similar solution to Ricci flow vtg(t) 5 �2S(t), where S is the Ricci curvature.
Ricci solitons are a generalization of Einstein manifolds. A Ricci soliton on a Riemannian
manifold (M, g) is defined by

ðLVgÞðX ;Y Þ þ 2SðX ;Y Þ þ 2λgðX ;Y Þ ¼ 0; (1)
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where LVg denotes the Lie derivative of g along a vector field V, λ a constant and arbitrary
vector fieldX,Y onM. If λ<0, λ>0 or λ5 0 then the soliton is said to be shrinking, expanding
or steady, respectively. A Ricci soliton is said to be a gradient Ricci soliton if V 5 ∇f, for a
smooth function f. For a detailed study on Ricci soliton see Refs. [2, 3] and references therein.

Hamilton [1] introduced a geometric flow that is similar to Ricci flow and called it Yamabe
flow. Yamabe solitons correspond to self-similar solutions of the Yamabe flow. A Yamabe
soliton preserves the conformal class of the metric but the Ricci soliton does not in general [1].
In dimension n5 2, both the solitons are similar. On a Riemannian manifold (M, g) a Yamabe
soliton is given by

ðLVgÞðX ;Y Þ ¼ 2ðr � λÞgðX ;Y Þ; (2)

for arbitrary vector fieldsX,Y onM, λ a scalar and r the scalar curvature ofM. If λ is a smooth
function, then equations (1) and (2) are called Ricci almost soliton given by Pigola et al. [4] and
almost Yamabe soliton given byBarbosa andRibeiro [5], respectively. For a detailed study on
Yamabe soliton see Refs. [6–10] and references therein.

Recently, in 2019, Guler and Crasmareanu [11] introduced a new type of geometric flow, a
scalar combination of Ricci flow and Yamabe flow under the name Ricci–Yamabe map. In
Ref. [11], the authors define the following:

Definition 1. [11] A Riemannian flow on M is a smooth map:

g : I ⊆R→RiemðMÞ;
where I is a given open interval.

Definition 2. [11] The map RY ðα;β;gÞ : I →Ts
2ðMÞ given by:

RY ðα;β;gÞ ¼ vg

vt
ðtÞ þ 2αSðtÞ þ βrðtÞgðtÞ;

is called the (α, β)-Ricci–Yamabe map of the Riemannian flow (M, g). If

RY ðα;β;gÞ
≡ 0;

then g(.) will be called an (α, β)-Ricci–Yamabe flow.

TheRicci–Yamabe flow can be Riemannian or semi-Riemannian or singular Riemannian flow
due to the involvement of scalars α and β [11]. These kinds of choices can be useful when
dealing with relativity. The Ricci–Yamabe soliton emerges as the self-similar solutions of the
Ricci–Yamabe flow. The notion of Ricci–Yamabe soliton from the Ricci–Yamabe flow can be
defined as follows:

Definition 3. [12] A Riemannian manifold (Mn, g), n > 2 is said to admit the Ricci–Yamabe
soliton (g, V, λ, α, β) if

LVg þ 2αS ¼ ð2λ� βrÞg; (3)

where λ; α; β∈R. If V is a gradient of some smooth function f on M, then the above notion is
called gradient Ricci–Yamabe soliton and then (3) reduces to

∇2f þ αS ¼ λ� 1

2
βr

� �
g; (4)

where ∇2f is the Hessian of f.

The Ricci–Yamabe soliton is said to be expanding, shrinking or steady if λ< 0, λ > 0 or λ5 0
respectively. Therefore, equation (3) is the Ricci–Yamabe soliton of (α, β)-type which is a
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combination of Ricci soliton andYamabe soliton. In particular, (1,0), (0,1), (1,�1) and (1,� 2ρ)-
type is the Ricci–Yamabe soliton are Ricci soliton, Yamabe soliton, Einstein soliton and
ρ-Einstein soliton, respectively. Therefore, the notion of the Ricci–Yamabe soliton generalizes
a large class of soliton-like equations. Using the terminology of Ricci almost soliton, the notion
of almost Ricci–Yamabe soliton can be defined as follows:

Definition 4. A Riemannian manifold (M2nþ1, g), n ≥ 1 is said to be admit an almost Ricci–
Yamabe soliton (g, V, λ, α, β) if there exist a smooth function λ : M 2nþ1

→R satisfying

LVg þ 2αS ¼ ð2λ� βrÞg: (5)

Moreover, if V 5 ∇f, the gradient of some smooth function in M2nþ1, then it will be called a
gradient almost Ricci–Yamabe soliton.

Recently, in [12], the author studied the Ricci–Yamabe soliton on almost Kenmotsumanifolds.
He shows that a (k, μ)0-almost Kenmotsu manifolds admitting a Ricci–Yamabe soliton or
gradient Ricci–Yamabe soliton is locally isometric to the Riemannian product

Hnþ1ð−4Þ3Rn. Siddiqi and Akyol [13], introduced the notion of η-Ricci–Yamabe soliton
and establish the geometrical bearing on Riemannian submersions in terms of η-Ricci–
Yamabe soliton with the potential field and giving the classification of any fiber of
Riemannian submersion is an η-Ricci–Yamabe soliton, η-Ricci soliton and η-Yamabe soliton.
Ricci–Yamabe soliton in perfect fluid spacetime is analyzed by authors in Ref. [14]. Khatri and
Singh [15] studied almost Ricci–Yamabe soliton in different classes of almost Kenmotsu
manifolds. In Ref. [16], Ghosh shows that if themetric of a non-Sasakian (k, μ)-contactmetric is
a gradient Ricci almost soliton, then in Dimension 3, it is flat and in higher dimensions it is
locally isometric to Enþ1 3 Sn(4). Thus a natural question arises. “What happens when the
metric of a non-Sasakian (k, μ)-contact metric manifold is a gradient almost Ricci-Yamabe
soliton.”

The result of which is shown in section 4.Motivated by the above studies, we study almost
Ricci–Yamabe soliton on contact metric manifolds. This paper aims to investigate the
properties of almost contact metric manifolds whose metric admits almost Ricci–Yamabe
solitons. The classification of K-contact and (κ, μ)-contact admitting almost Ricci–Yamabe
soliton is obtained. The significance of studying almost Ricci–Yamabe soliton is that it
generalizes a number of previously obtained results by Ghosh [16], Sharma [17] and some
well-known results in Ricci soliton, Yamabe soliton and ρ-Einstein soliton within the
framework of contact geometry.

The result of which is shown in section 4.Motivated by the above studies, we study almost
Ricci–Yamabe soliton on contact metric manifolds. The present paper is organized as follows:
After preliminaries in section 2, in section 3 we study almost (α, β)-Ricci–Yamabe solitons
with the potential vector field collinear with the Reeb vector field ξ and found interesting
results. Next in section 4, the gradient almost Ricci–Yamabe soliton in K-contact metric
manifold is analyzed. Moreover in Section 5, the gradient almost Ricci–Yamabe soliton in the
framework of (k, μ)-contact metric manifold is investigated and obtained that it is locally
isometric toEnþ13 Sn(4) for n> 1 and flat if n5 1. Finally, an example of a three-dimensional
(k, μ)-contact metric manifold is constructed.

2. Preliminaries
In this section, we give some of the basic results and formulas of (k, μ)-contact metric manifold
and refer to Refs. [17–20] for more information and details.

A 2nþ1-dimensional smooth manifoldM is called a contact manifold if it admits a global
differential 1-form η (called contact form) such that η ∧ (dη)n≠ 0 everywhere onM. A contact
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manifold induced as almost contact metric structure (η, ξ, f, g), that is, a vector field ξ called
the characteristic vector field, a (1,1)-tensor field f and Riemannian metric g such that

f2 ¼ −I þ η⊗ ξ; ηðξÞ ¼ 1; gðfX ;fY Þ ¼ gðX ;Y Þ � ηðXÞηðY Þ; (6)

for a vector fields X, Y on M. If in addition, dη(X, Y) 5 g(X, fY) then M is called a contact
metric manifold [21]. Moreover, if ∇ denotes the Riemannian connection of g, then the
following relation holds:

∇Xξ ¼ −fX � fhX : (7)

From the definition, it pursues that fξ 5 0 and η◦f 5 0. Then, the manifold M(f, ξ, η, g)
equipped with such a structure is called a contact metric manifold [21, 22].

Given a contact metric manifold M we define a symmetric (1,1)-tensor field h and self
adjoint operator l by h ¼ 1

2
Lξf and l 5 R(., ξ)ξ, where L denotes Lie differentiation. Then,

hf 5 �fh, Trh 5 Trfh 5 0, hξ 5 0. Also from Ref. [21],

gðQξ; ξÞ ¼ Trl ¼ 2n� jhj2: (8)

A normal contact metric manifold is called a Sasakian manifold. A contact metric manifold is
Sasakian if and only if

ð∇XfÞY ¼ gðX ;Y Þξ� ηðY ÞX ; (9)

for any vector fields X, Y onM. The vector field ξ is a Killing vector with respect to g if and
only if h5 0. A contact metric manifoldM(f, ξ, η, g) for which ξ is killing (equivalently h5 0
orTrl5 2n) is said to be a K-contact metric manifold. On a K-contact manifold, the following
formulas are known [21].

∇Xξ ¼ −fX ; (10)

Qξ ¼ 2nξ; (11)

RðX ; ξÞξ ¼ X � ηðXÞξ; (12)

where∇ is the operator of covariant differentiation of g, S is the Ricci tensor of type (0,2) such
that S(X,Y)5 g(QX,Y), whereQ is Ricci operator and R is the Riemann curvature tensor of g.
A Sasakian manifold is K-contact and the converse is not true except in Dimension 3.

As a generalization of the Sasakian case, Blair et al. [18] introduced (k, μ)-nullity
distribution on a contact metric manifold and gave several reasons for studying it. A full
classification of (k, μ)-spaces was given by Boeckx [19].

The (k, μ)-nullity distribution of a contact metric manifoldM2nþ1(f, ξ, η, g) is a distribution

Nðk; μÞ : p→Npðk; μÞ ¼ Zf ∈TpM : RðX ;Y ÞZ ¼ k gf ðY ; ZÞX
�gðX ; ZÞYg þ μfgðY ; ZÞhX � gðX ; ZÞhYgg;

for any X, Y, Z ∈ TpM and real numbers k and μ. A contact metric manifold M2nþ1 with
ξ ∈ N(k, μ) is called a (k, μ)-contact metric manifold. In particular, if μ5 0, then the notion of
(k, μ)-nullity distribution reduces to the notion of k-nullity distribution, introduced by Tanno
[23]. If k5 1, the structure is Sasakian, and if k < 1, the (k, μ)-nullity condition determines the
curvature of the manifold completely.

In a (k, μ)-contact metric manifold the following relations hold [18, 20].

h
2 ¼ ðk� 1Þf2

; k≤ 1; (13)
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RðX ;Y Þξ ¼ k½ηðY ÞX � ηðXÞY � þ μ½ηðY ÞhX � ηðXÞhY �; (14)

SðX ;Y Þ ¼ ½2ðn� 1Þ � nμ�gðX ;Y Þ þ ½2ðn� 1Þ þ μ�gðhX ;Y Þ
þ½2ð1� nÞ þ nð2kþ μÞ�ηðXÞηðY Þ; (15)

r ¼ 2nð2n� 2þ k� nμÞ: (16)

Here, r is the scalar curvature of the manifold.

3. Almost (α, β)-Ricci–Yamabe solitons with V = σξ
Ghosh [16] obtained a result for contact metric manifold with potential vector field collinear
with the Reeb vector field. Motivated by this study, we extended it to an almost (α, β)-Ricci–
Yamabe soliton. We prove the following:

Theorem 1. Let M(2nþ1)(f, ξ, η, g) be a complete contact metric manifold where the Reeb
vector field ξ is an eigenvector of the Ricci operator at each point of M. If g admits an almost (α,
β)-Ricci–Yamabe soliton with α ≠ 0 and non-zero potential vector field collinear with the Reeb
vector field ξ, then M is compact Einstein Sasakian and the potential vector field is a constant
multiple of the Reeb vector field ξ.

Proof. Suppose the potential vector field is collinear with the Reeb vector field, i.e. V 5 σξ,
where σ is a non-zero function on M. Differentiating it along arbitrary vector field X gives

∇XV ¼ ðXσÞξ� σðfX þ fhXÞ: (17)

Using this in (5) and simplifying we obtain

ðXσÞηðY Þ þ ðYσÞηðXÞ � 2σgðfhX ;Y Þ
þ2αSðX ;Y Þ ¼ ð2λ� βrÞgðX ;Y Þ: (18)

Taking X 5 Y 5 ξ in (18) yields

ξσ þ 2αTrl ¼ 2λ� βr: (19)

Replacing Y by ξ in (18) gives

Dσ þ ðξσÞξþ 2αQξ ¼ ð2λ� βrÞξ: (20)

Suppose that the Reeb vector field ξ is an eigenvector of the Ricci operator at each point ofM,
then Qξ 5 (Trl)ξ. Using this in the forgoing equation along with (19) gives, Dσ 5 (ξσ)ξ.
Differentiating it along with vector field X yields

∇XDσ ¼ XðξσÞξ� ðξσÞðfX þ fhXÞ: (21)

Making use of Poincare lemma in (21), we obtain

XðξσÞηðY Þ � Y ðξσÞηðXÞ þ 2ðξσÞdηðX ;Y Þ ¼ 0: (22)

Choosing X, Y ⊥ ξ and using the fact that dη ≠ 0 in (22), we see that ξσ 5 0. Hence, Dσ 5 0
i.e. σ is a constant. Then (18) becomes,
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2αQY þ 2σhfY ¼ ð2λ� βrÞY : (23)

Contracting (23) and using the fact that Trhf 5 0, we get

½2αþ ð2nþ 1Þβ�r ¼ 2ð2nþ 1Þλ: (24)

Differentiating (23) along arbitrary vector field X gives

2αð∇XQÞY þ 2σð∇XhfÞY ¼ 2ðXλÞY � βðXrÞY : (25)

Contracting (25) and using the fact that in contact metric manifold, div(hf)Y 5 g(Qξ, Y) �
2nη(Y), in the forgoing equation result in the following:

ðαþ βÞðYrÞ þ 2σ½Trl � 2n�ηðY Þ � 2ðYλÞ ¼ 0: (26)

TakingY⊥ ξ and using (24) in (26) gives α5 0 orYr5 0. Assuming α≠ 0 and replacingY by
f2Y shows Dr5 (ξr)ξ. Differentiating along arbitrary vector field X gives, ∇XDr5 X(ξr)ξ�
(ξr)(fX þ fhX). Applying Poincare lemma, the forgoing equation yields

XðξrÞηðY Þ � Y ðξrÞηðXÞ � ðξrÞdηðX ;Y Þ ¼ 0: (27)

choosing X,Y⊥ ξ, it follows that ξr5 0. Hence,Dr5 0 i.e. r is constant. Then (24) implies λ is
constant and consequently from (19),Trl is constant. In view of (26) we getTrl5 2n, i.e. h5 0.
Hence manifold is K-contact and then from (23), it is Einstein provided α ≠ 0. Suppose M is
complete, then making use of results in Sharma [17] and Boyer and Galicki [24], we see that
the manifold is compact Einstein Sasakian. This completes the proof. ,

From (19) we get, 2αTrl 5 (2λ � βr). Using this in (20) gives

2α½Qξ� ðTrlÞξ� þ Dσ þ ðξσÞξ ¼ 0: (28)

making use of result by Perrone [25] and (28), we can state the following:

Corollary 2. Let M2nþ1(f, ξ, η, g) be a contact metric manifold such that g represents an
almost (α, β)-Ricci–Yamabe soliton with α ≠ 0. Then M is an H-contact metric manifold if and
only if the potential vector field is a constant multiple of the Reeb vector field ξ.

In consequence of Theorem 1, considering a particular case when potential vector field V is
the Reeb vector field ξ, we can easily prove the following:

Corollary 3. There does not exist almost Ricci–Yamabe soliton with α≠ 0 in a non-Sasakian
(k, μ)-contact metric manifold whose potential vector field is the Reeb vector field ξ.

4. Almost Ricci–Yamabe soliton on K-contact manifold
In [17], Sharma proved that if a compactK-contact metric is a gradient Ricci soliton then it is
Einstein Sasakian. Extending this for gradient Ricci almost soliton, Ghosh [16] proved that
compactK-contact metric is Einstein Sasakian and isometric to a unit sphere S2nþ1. However,
this result is also true if one relaxes the hypothesis compactness to completeness (see
Ref. [26]). In this section, we consider the gradient almost Ricci–Yamabe soliton and extend
these results and prove.

Theorem 4. If a K-contact manifold M(2nþ1)(f, ξ, η, g) admits a gradient almost Ricci–
Yamabe soliton with α ≠ 0 and 4αn þ βr ≥ 2λ, then it is Einstein with constant scalar
curvature r5 2n(2nþ 1). Further, ifM is complete, then it is compact Sasakian and isometric to
a unit sphere S2nþ1.
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Proof. A gradient almost Ricci–Yamabe soliton is given by

∇XDf þ 2αQX ¼ ð2λ� βrÞX : (29)

Taking covarient differentiation of (29) along arbitrary vector field Y yields

∇Y∇XDf þ 2αð∇YQÞX þ 2αQð∇YXÞ
¼ 2ðYλÞX � βðYrÞX þ ð2λ� βrÞgðY ;XÞ: (30)

Since R(X, Y)Df 5 ∇X∇YDf � ∇Y∇XDf � ∇[X,Y]Df, then in consequence of (30) we get

RðX ;Y ÞDf ¼ 2½ðXλÞY � ðYλÞX � � β½ðXrÞY � ðYrÞX �
� 2α½ð∇XQÞY � ð∇YQÞX �: (31)

Differentiating (11) along vector field Y and using (12) gives

ð∇XQÞξ ¼ QfX � 2nfX : (32)

Taking inner product of (31) with ξ and replacing Y by ξ and using the fact that g(R(X, Y)Df,
ξ)5�g(R(X, Y)ξ,Df) along with (12) and (32), Eq. (31) reduces to X(fþ 2λ� βr)5 ξ(fþ 2λ�
βr)η(X), which can be written as d(f þ 2λ � βr) 5 ξ(f þ 2λ � βr)η. Then operating the last
equation by d and using Poincare lemma, i.e. d25 0we get dξ(fþ 2λ� βr)∧ ηþ ξ(fþ 2λ� βr)
dη 5 0. Taking the wedge product of forgoing equation with η and using the fact that η ∧
η5 0 yields ξ(fþ 2λ� βr)dη∧ η5 0. Therefore ξ(fþ 2λ� βr)5 0 onM as dη is non-vanishing
everywhere on M, consequently, D(f þ 2λ � βr) 5 0. Hence, f þ 2λ � βr is constant on M.

Taking Lie differentiation of (29) along ξ and noting LξQ ¼ 0 (as ξ is Killing) we obtain

Lξð∇XDf Þ þ 2αQðLξXÞ ¼ 2ðξλÞX � βðξrÞX þ ð2λ� βrÞLξX : (33)

Lie differentiating Df along ξ and using (10) yields

LξDf ¼ ½ξ;Df � ¼ ∇ξDf �∇Df ξ ¼ ð2λ� βrÞξ� 4nαξþ fDf : (34)

Differentiating covariently (34) along vector field Y and using (10) we obtain

∇YLξDf ¼ 2ðYλÞξ� βðYrÞξþ 4nαfY þ ð∇YfÞDf � 2αfQY (35)

According to Yano [27], we have the commutative formula

LV∇YX � ∇YLVX �∇½V ;Y �X ¼ ðLV∇ÞðY ;XÞ: (36)

Setting V 5 ξ and X 5 Df in (36) and noting Lξ∇ ¼ 0 and using (33)-(35) yields

½2ðξλÞ � βðξrÞ�gðX ;Y Þ � Y ð2λ� βrÞηðXÞ � 4nαgðfY ;XÞ
þgðð∇YfÞX ;Df Þ þ 2αgðfQY ;XÞ ¼ 0:

(37)

Replacing X by fX and Y by fY along with well-known formula

ð∇YfÞX þ �
∇fYf

�
fX ¼ 2gðY ;XÞξ� ηðXÞðY þ ηðY ÞξÞ

we get

2ξðf þ 2λ� βrÞgðX ;Y Þ � Y ðf þ 2λ� βrÞηðXÞ
�ξðf þ 2λ� βrÞηðXÞηðY Þ þ 2αgðQfY ;XÞ

þ2αgðfQY ;XÞ � 8nαgðfY ;XÞ ¼ 0:
(38)
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Suppose α ≠ 0. Since f þ 2λ � βr is constant Eq. (38) reduces to

QfX þ fQX ¼ 4nfX ; (39)

for any vector fieldX onM. Taking an inner product of (31) alongwith fþ 2λ� βr5 constant
yields

gðð∇YQÞX � ð∇XQÞY ;Df Þ ¼ 0: (40)

Let {ei, fei, ξ; i5 1, 2, . . .n} be an orthonormal f� basis ofM such thatQei5 σiei. Using this
in (39) we get Qfei 5 (4n � σi)fei. Then the scalar curvature is given by

r ¼ gðQξ; ξÞ þ
Xn

i¼1

½gðQei:eiÞ þ gðQfei;feiÞ� ¼ 2nð2nþ 1Þ:

Replacing X by ξ in (40) and using (32) yields QfDf � 2nfDf5 0. In consequence of this in
(39), it reduces to fQDf 5 2nfDf. Operating last equation with f and using (11) gives
QDf 5 2nDf. Then taking covariant derivative results in

ð∇XQÞDf � 2αQ2
X þ ð2λ� βr þ 4nαÞQX � 2nð2λ� βrÞX ¼ 0: (41)

Since r5 2n(2nþ 1) is constant, then divQ ¼ 1
2
dr ¼ 0.Making use of this and contracting (41)

we obtain kQk2 5 2nr. In consequence of this with r 5 2n(2n þ 1), we can easily see that

kQ− r
2nþ1

Ik2 ¼ 0 i.e., length of the symmetric tensor Q− r
2nþ1

I vanishes, we must have

QX5 2nX. ThusM is Einstein with Einstein constant 2n. SupposeM is complete, then by the
result of Sharma [17] we can conclude that M is compact. Applying Boyer–Galicki [24] we
conclude that it is Sasakian. Also, Eq. (29) can be rewritten as ∇XDf 5 �ρX, where
ρ5 4αn þ βr � 2λ, then by Obata’s theorem [28] it is isometric to a unit sphere S2nþ1. This
completes the proof. ,

Corollary 5. If a Sasakian manifold M(2nþ1)(f, ξ, η, g) admits a gradient almost Ricci–
Yamabe soliton with α ≠ 0 and 4αn þ βr ≥ 2λ, then it is Einstein with constant scalar
curvature r5 2n(2n þ 1). Further, if M is complete, then it is compact and isometric to a unit
sphere S2nþ1.

5. Almost Ricci–Yamabe soliton on (k, μ)-contact metric manifold
In [16], Ghosh proved that if themetric of a non-Sasakian (κ, μ)-contactmetricmanifold admits
a gradient Ricci almost soliton, then it is locally isometric to Enþ13 Sn(4) for n> 1. Following
his work, we explore the gradient almost Ricci–Yamabe soliton on non-Sasakian (κ, μ)-contact
metric manifold and obtain the following:

Theorem 6. If a non-Sasakian (k, μ)-contact metric manifold M(2nþ1)(f, ξ, η, g) admits a
gradient almost Ricci–Yamabe soliton with α ≠ 0, then M3 is flat and the soliton vector field is
homothetic, and for n > 1, M is locally isometric to Enþ1 3 Sn(4) and the soliton vector field is
tangential to the Euclidean factor Enþ1.

Proof. Making use of R(X, Y)Df 5 ∇X∇YDf � ∇Y∇XDf � ∇[X,Y]Df and (29), we get

RðX ;Y ÞDf ¼ 2α½ð∇YQÞX � ð∇XQÞY � þ 2½ðXλÞY � ðYλÞX �: (42)

Taking covariant derivative of (15) and using it in (42) yields
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RðX ;Y ÞDf ¼ 2α ½2ðn� 1Þ þ μ�½2ð1� kÞgðY ;fXÞξþf
ηðXÞfhðfY þ fhYg � ηðY ÞfhðfX þ fhXg þ μηðXÞfhY

�μηðY ÞfhX � þ ½2ð1� nÞ þ nð2kþ μÞ� 2gðY ;fXÞξ�f
ðfY þ fhY ÞηðXÞ þ ðfX þ fhXÞηðY Þgg þ 2½ðXλÞY � ðYλÞX �:

(43)

Taking the inner product of (43) with ξ gives

gðRðX ;Y ÞDf ; ξÞ ¼ 4αðμþ 2k� kμþ nμÞgðY ;fXÞ
þ 2½ðXλÞY � ðYλÞX �: (44)

Taking the inner product of (14) with Df, we get

gðRðX ;Y Þξ;Df Þ ¼ k½ηðY ÞgðX ;Df Þ � ηðXÞgðY ;Df Þ�
þμ½ηðY ÞgðhX ;Df Þ � ηðXÞgðhY ;Df Þ�: (45)

Combining (44) and (45) we get

k½ηðY ÞgðX ;Df Þ � ηðXÞgðY ;Df Þ�
þμ½ηðY ÞgðhX ;Df Þ � ηðXÞgðhY ;Df Þ�

þ4αðμþ 2k� kμþ nμÞgðY ;fXÞ
þ2½ðXλÞηðY Þ � ðYλÞηðXÞ� ¼ 0:

(46)

Taking X 5 fX and Y 5 fY and using the fact that R(fX, fY)ξ 5 0, Eq. (46) for α ≠

0 reduces to

k ¼ μð1þ nÞ
μ� 2

: (47)

Replacing Y 5 ξ in (46) gives

ðkþ μhÞDf þ 2ðDλÞ � ½kðξf Þ þ 2ðξλÞ�ξ ¼ 0: (48)

In consequence of (15), replacing X by Df and simplifying we obtain

QDf ¼ −4nðDλÞ: (49)

Making use of (49) in (48) gives

2nðkþ μhÞDf � QDf � 2n½kðξf Þ þ 2ðξλÞ�ξ ¼ 0: (50)

Taking an inner product of (50) with ξ we get, k(ξf) þ 2(ξλ) 5 0 and using this in forgoing
equation

2nðkþ μhÞDf ¼ QDf : (51)

Differentiating (51) and simplifying, we obtain�
2nμ2 � μ½2ðn� 1Þ þ μ��fhDf � 2nμhð2λ� βr � 4nαkÞξ ¼ 0: (52)

Taking inner product of (52) with ξ gives, μh(2λ � βr � 4nαk) 5 0, and using it in (52)�
2nμ2 � μ½2ðn� 1Þ þ μ��fhDf ¼ 0: (53)

Operating h in the above equation and using (13), we get
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ðk� 1Þμ½2ðn� 1Þ þ μ� 2nμ�fDf ¼ 0: (54)

We get the following cases:

Case-I: For μ 5 0. In consequence, equation (47) gives k 5 0. Hence, R(X, Y)ξ 5 0.

Now in Blair [29] proved that a (2nþ 1)-dimensional contact metric manifold satisfying R(X,
Y)ξ 5 0 is locally isometric to Enþ1 3 Sn(4) for n > 1 and flat if n 5 1.

Therefore, we conclude that the manifold under consideration is locally isometric to Enþ1

3 Sn(4) for n > 1 and flat if n 5 1.

Case-II: For fDf 5 0. Operating f on both sides gives Df 5 (ξf)ξ. Differentiating along
arbitrary vector field X gives

∇XDf ¼ Xðξf Þξ� ðξf ÞðfX þ fhXÞ: (55)

Applying the Poincare lemma in the above equation yields

Xðξf ÞηðY Þ � Y ðξf ÞηðXÞ þ ðξf ÞdηðX ;Y Þ ¼ 0: (56)

TakingX,Y⊥ ξ and since dη is nowhere vanishing onM, it follows ξf5 0. HenceDf5 0 i.e. f is
constant. Then from (29) we see thatM is Einstein (i.e., 2αQY5 (2λ� βr)Y). Taking a trace of
the last equation yields 2αr 5 (2n þ 1)(2λ � βr). Also, replacing Y by ξ in the second last
equation and using the previous equation results in QY 5 2nkY. Consequently, the scalar
curvature is r5 2nk(2n þ 1). Now proceeding similarly as in Theorem 4.1 of Ghosh [16], we
also find that for n5 1,M is locally flat (as μ5 0 and k5 0 consequently R(X,Y)ξ5 0), using
μ5 2(1� n) in (47), we see that k ¼ n− 1

n
> 1, a contraction. SinceM3 is flat and λ is constant

in view of (29), we see that the vector field is homothetic.

Case-III: For 2(n � 1) þ μ � 2nμ 5 0 implies μ ¼ 2ð1− nÞ
1− 2n

.

Using this value of μ in the expression of k in (47), we get k ¼ 1
n
− n.

Replacing X by Df in (15) then inserting it in (51) yields

½2ð1� nÞ þ nð2kþ μÞ�ðDf � ðξf ÞξÞ þ ½2nμ� 2ðn� 1Þ � μ�hDf ¼ 0: (57)

Inserting μ ¼ 2ð1− nÞ
1− 2n

and k ¼ 1
n
− n in (57), we obtain Df5 (ξf)ξ. Then proceeding similarly as

in Case-II we obtain a similar conclusion. Since QX5 2nkX, taking covarient differentiation
gives ∇Q 5 0 and consequently (42) reduces to

RðX ;Y ÞDf ¼ 2½ðXλÞY � ðYλÞX �:
Since R(X,Y)ξ5 0 and taking inner product of forgoing equation with ξ and replacingY by ξ
gives Xλ5 (ξλ)η(X). Similarly as above we can easily see that λ is constant and consequently
R(X, Y)Df 5 0 i.e., Df is tangent to the flat factor Enþ1. This completes the proof. ,

Finally, we construct an example for verifying the obtained result. In Ref. [30], De and
Mandal constructed a 3-dimensional example of a generalized (κ, μ)-contact metric manifold
with κ5 1� (σ(z))2 and μ5 2(1þ σ(z)). Let k : I ⊂R→Rbe a smooth function defined on an

open interval I such that k(z) ≤ 1 for any z ∈ I. Set σðzÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− kðzÞp

≥ 0 and let {e1, e2, e3} be

three linearly independent vector fields on M ¼ R2 3 I ⊂R3 given by
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e1 ¼ v

vx
; e2 ¼ v

vy
;

e3 ¼ 2yþ f ðzÞð Þ v

vx
þ 2σðzÞx� σ0ðzÞ

1þ 2σðzÞ yþ hðzÞ
� �

v

vy
þ v

vz
;

where f(z) and h(z) are arbitrary functions of z. Let g be the Riemannian metric defined by

gðei; ejÞ ¼ 0; i≠ j

1; i ¼ j; i; j ¼ 1; 2; 3:

�

Let η be the 1-form defined by η(X)5 g(X, e1) for all vector fieldX onM. Also, let f be the (1,1)-
tensor field define as

fe1 ¼ 0; fe2 ¼ e3; fe3 ¼ −e2:

Clearly,M(f, ξ5 e1, η, g) formed a contactmetricmanifold. The non-vanishing components of
the curvature tensor are given by Ref. [30]:

Rðe2; e1Þe1 ¼ ð1þ σðzÞÞ2e2; Rðe3; e1Þe1 ¼ 1� 2σðzÞ � 3σ2ðzÞ� �
e3:

The non-vanishing components of the Ricci tensor and scalar curvature are as follows:

Sðe1; e1Þ ¼ 2ð1� σ2ðzÞ�; Sðe2; e2Þ ¼ ð1þ σðzÞÞ2;
Sðe3; e3Þ ¼ 1� 2σðzÞ � 3σ2ðzÞ� �

; r ¼ 4ð1� σ2ðzÞ�:
Now let us take k∈R as a constant. Then the manifold M becomes (κ, μ)-contact metric
manifold. Moreover, we see that for k ≠ 1, M is a non-Sasakian manifold. Let the potential
vector fieldV5 e1, then solving (5) gives ασ(σ þ 1)5 0, which implies σ5 0, a contradiction.
Thus, Corollary 3 is verified.
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