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Abstract
We present an approach for pricing American put options with a regime-switching volatility. Our method
reveals that the option price can be expressed as the sum of two components: the price of a European put option
and the premium associated with the early exercise privilege. Our analysis demonstrates that, under these
conditions, the perpetual put option consistently commands a higher price during periods of high volatility
compared to those of low volatility. Moreover, we establish that the optimal exercise boundary is lower in high-
volatility regimes than in low-volatility regimes. Additionally, we develop an analytical framework to describe
American puts with an Erlang-distributed random-time horizon, which allows us to propose a numerical
technique for approximating the value of American puts with finite expiry. We also show that a combined
approach involving randomization and Richardson extrapolation can be a robust numerical algorithm for
estimating American put prices with finite expiry.
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1. Introduction
The coming of modern option pricing theory, pioneered by Black and Scholes (1973) and
Merton (1973), has had a profound impact on both the academic discipline of finance and the
practical operations of the financial services industry. The foundation of this theory, rooted in
the concept of the absence of arbitrage opportunities, has evolved into a dominant paradigm
in the field of finance, as exemplified by seminal works such asHarrison andKreps (1979) and
Dybvig and Ross (2003). This transformative technology for pricing and risk management
has empowered financial institutions to develop a diverse array of customized contracts and
securities, tailored precisely to meet the unique requirements of their clientele. In this light,
option pricing stands as a fundamental cornerstone of modern finance.

In the early stages of option pricing analysis, exemplified by the renowned Black–Scholes
formula, a fundamental assumption prevailed: that the volatility of the underlying asset
remained constant. Nevertheless, the veracity of this assumption has been cast into doubt,
primarily due to compelling empirical evidence revealing that implied volatility, as observed
across various strike prices and maturities, does not exhibit constancy.

In response to the challenges posed by this empirical evidence, extensive research
endeavors have been undertaken to expand the scope of the Black–Scholes–Merton
framework to encompass scenarios featuring randomly fluctuating volatility. Substantial
progress has beenmade in this pursuit, with notable contributions from scholars such as Hull
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and White (1987), Wiggins (1987), Stein and Stein (1991), Heston (1993), Bates (1996) and
Duffie et al. (2000). These efforts have significantly advanced our understanding and
modeling capabilities in the context of dynamic and variable volatility in financial markets.

We contribute to the field of option pricing by conducting an investigation into the pricing
of American options in the context of stochastic volatility. Our specific focus on stochastic
volatility entails a unique characteristic: the volatility of the underlying asset exhibits a
binary behavior. It transitions between two distinct states, denoted as the “high volatility
regime” (H) and the “low volatility regime” (L), at the occurrence of jumps dictated by an
independent Poisson process. The regime-switching volatility model can be considered as the
simplest version of the stochastic volatility model. This model is useful when the underlying
asset undergoes regime shifts over a period or when the maturity of the underlying asset is
long enough so that the option lifetime includes abrupt environmental changes. Compared to
parameter-rich volatility models like the Heston (1993) model, it has relatively fewer
parameters, making it considerably easier to calibrate from options market data.

However, it is important to note that our model does not encompass the full spectrum of
randomness associated with volatility. For instance, it does not account for potential
correlations between changes in volatility and alterations in the underlying asset’s price.
Nevertheless, our exploration of American option pricing within the context of regime-
switching volatility represents an initial step toward comprehending the valuation of
American options in the presence of stochastic volatility. This research sets the foundation
for further, more intricate models that can capture additional nuances in the relationship
between option pricing and the dynamic nature of volatility.

Option pricing in the context of regime switching has attracted the attention of several
researchers, including Naik (1993), Chourdakis and Tzavalis (2000), Chourdakis (2001),
Campbell and Li (2002) and Edwards (2005). Empirical findings from their work have shown
promise, indicating that regime-switching models offer a fitting representation of market
data comparable to more intricate models like stochastic volatility models with jumps. The
papers, however, has primarily concentrated on European options.

In a distinctive departure, Bollen (1998) introduced a novel approach known as the
“pentanomial tree” to calculate the price of American options within a regime-switching
framework. While Bollen presented numerical results, analytical solutions were not derived.
Buildingupon this foundation, Bollen et al. (2000) extended the application ofBollen’s pentanomial
trees to investigate currency option prices. Duan et al. (2002) have contributed to this field by
proposing a numerical methodology for pricing American options in a discrete-time regime-
switchingvolatilitymodel. Similarly,Driffill et al. (2002) have introduced a closed-formsolution for
perpetual American call options in scenarios where the dividend process follows a regime-
switching pattern. Lastly, Guo and Zhang (2004) have made significant strides by deriving
analytic formulas for perpetual American put options within the context of regime-switching
volatility.These collective efforts have enriched our understanding of optionpricingunder regime
switching and have paved the way for further exploration in this intriguing area of finance.

We establish fundamental theoretical insights within the framework of regime-switching
volatility. Specifically, we demonstrate that the price of an American put option can be
represented as the combination of a European put option price and the premium attributed to
the early exercise privilege. This characterization extends findings established byKim (1990),
Jacka (1991) and Carr et al. (1992) within the context of constant volatility. Moreover, we
provide a rigorous proof that the valuation of an American put option constitutes a unique
solution to the free boundary value problem. This result builds upon earlier work by Mckean
(1965) and Van Moerbeke (1976), expanding its applicability to the regime-switching
volatility setting. Furthermore, we delve into the realm of perpetual American put options,
demonstrating that their pricing exhibits distinct characteristics across the volatility
regimes. Specifically, we establish that perpetual put options command a higher price during
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periods of high volatility compared to low volatility phases. Additionally, we reveal that the
optimal exercise boundary is situated at a lower threshold in high-volatility regimes, as
opposed to low-volatility regimes. These findings contribute valuable insights into the
dynamics of option pricing in the context of fluctuating volatility regimes (Theorems 3.7
and 3.8).

To facilitate the numerical determination of the American put option’s value, we employ
the randomization method introduced by Carr (1998). This method involves substituting the
fixed time horizon with a random time, effectively transforming the problem into one that
resembles the pricing of a perpetual put option. Consequently, the pricing of an American put
option with a specified time horizon, denoted asT, can be approximated through a backward
induction process. This process considers a substantial number, N, of randomly generated
time points, whose summation is expected to equal the original time horizon T, with a
variance equal to T/N. We derive an analytical expression for the value of an American put
option with such a random time horizon. Subsequently, we present numerical examples that
showcase the robustness of the randomization method in conjunction with Richardson
extrapolation. This combined approach serves as a robust algorithm for approximating the
price of American put options with finite maturities in the regime-switching model. Our
analysis includes a comparative evaluation of the numerical results obtained through this
method with those generated using the pentanomial tree proposed by Bollen (1998).
Furthermore, we establish a noteworthy observation: theN-th approximation of anAmerican
put option with finite maturity consistently commands a higher price during periods of high-
volatility compared to low-volatility phases. Additionally, we demonstrate that the optimal
exercise boundary is situated at a lower threshold in high-volatility regimes relative to low-
volatility regimes (Theorem 4.4) [1].

A paper closely related to ours is Boyarchenko and Levendorskii (2009), which presents an
American option pricing framework within the context of Markov-modulated L�evy models,
utilizing Carr’s randomization procedure. While our paper shares certain similarities with
their work, it distinguishes itself by offering a unique contribution—analytical comparisons
of the optional exercise boundaries and option prices, contingent on the volatility regime.

After Boyarchenko and Levendorskii (2009), Huang et al. (2011) introduce iterative
procedures to value American options under regime switching. Zhang et al. (2014) exploit a
penalty method to solve a system of complementarity problems arising from pricing
American options. Yousuf et al. (2015) develop a second-order method based on an
exponential time-differencing approach for solving American options under multi-state
regime switching. Chiarella et al. (2016) solve the American option pricing problem under
regime-switching by using the method-of-lines scheme. Lu and Putri (2020) use the Laplace
transform method to solve the system of the partial differential equations for American
option pricing. Including these papers, there are numerous papers dealing with the valuation
of American options under regime switching. However, most of them do not show analytical
comparisons based on the regimes covered in this paper.

The paper is organized as follows. Section 2 explains the model with regime-switching
volatility. Section 3 studies a perpetual American put. Section 4 investigates pricing of an
American put with finite expiry by randomization of time horizon and Section 5 discusses its
implementation and shows numerical examples. Finally, Section 6 concludes. All the proofs
are contained in the Appendix.

2. Model
In this section, we explain a model of a financial market. In the model, all activity occurs on a
filtered probability space ðΩ;F ; fF tgt≥0;PÞ, where fF tg is the augmentation of the filtration
generated by a (one-dimensional) Brownian motion B and two Poisson processes wH($) and

JDQS
32,2

88



wL($) on 0;∞½ Þ, where the two Poisson processes are independent of each other and
independent of the Brownian motion B.

In the financial market, there are two (underlying) assets. The first asset (the bond) is a
money market account and is instantly risk-free. We assume that the return on the riskless
asset is constant and equal to r. The second asset (the stock) is risky and American options
are written on this asset. The price St of the stock evolves according to the following
equation

dSðtÞ
SðtÞ ¼ μðtÞdt þ σðtÞdBðtÞ; Sð0Þ ¼ S0;

where μ(t), σ(t) are fF tg-predictable processes. The stock pays no cash dividends [2].

The volatility of the second asset takes two values σH > σL > 0; namely, there are two
regimes, say, “high volatility regime” H and “low volatility regime” L and volatility σH in
regimeH is larger than volatility σL in regime L, i.e. σH > σL > 0. This assumption implies, in
particular, σð0Þ ¼ σ0 ¼ σi0 for some i0∈ {H, L}, that is, the initial volatility regime is i at time
0. The volatility changes according to a Markov regime-switching process; regime i switches
to regime j(≠ i) at the next jump time of Poisson process wi for i, j∈ {H, L}, i.e. suppose at time
t, the market is in regime i and wi(t)5 n (n5 0, 1, 2, � � �) then the volatility regime changes to j
≠ i at time inf{s: s ≥ t wi(s) 5 n þ 1}. Under P, the intensity of the Poisson process wi is

assumed to be ~λiðtÞ at time t.
We assume that there is no market frictions, i.e. no taxes, no transaction costs and no

short-sale constraints. Portfolio strategies, consumption processes and self-financing
strategies with an initial wealth are defined as in a standard financial model (see, e.g.
Chapter 1, Karatzas and Shreve, 1998).

We employ a standard assumption in modern finance, that is, there is no arbitrage
opportunity in the financial market. Then, under a suitable regularity condition, there exists a

probability measureQ such that for any financial contract ~SðtÞ is aQ-martingale, where ~SðtÞ
is the time-tmarket price of the financial contract (see, e.g. Harrison and Pliska, 1981) [3]. The
martingale measure may not be unique if the market is incomplete (see Chapter 5, Karatzas
and Shreve, 1998). We will not assume the completeness of the financial market in this paper.
However, we will assume the existence of a unique martingale measure that is used for
pricing of financial contracts by market participants.

We will assume that the following is valid throughout the paper:
Standing assumption. There is a unique probability measure under which all the price of

every financial contract is a martingale. The measure is used for pricing of all securities that
will be introduced to the market. Under Q, the intensity of the Poisson process wi is λi for
i ∈ {H, L}.

Wewill callQ the risk-neutral probabilitymeasure and the stock price process S(t) satisfies

dSðtÞ
SðtÞ ¼ rdt þ σid~BðtÞ; in regime i;

where ~B is a standard Brownianmotion underQ. Note that a jump occurs only to the volatility
of the stock, not to its price.

We now consider an American put option with maturity at T < ∞ and strike price K
written on the stock. Suppose that the stock price is equal to S and the volatility regime is
i ∈ {H, L} at time 0, then we define

PiðT� t;SÞ≡ess sup
t≤τ≤T

EQ
�
e−rðτ−tÞðK�SτÞþ

�� F t

�ðωÞ; for ω∈fSðtÞ ¼ Sg \fσðtÞ ¼ σig;
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where τ is an fF sgt≤s≤T-stopping time. By the Markov property of the Brownian motion
and Poisson processes, Pi(T� t, S) is uniquely determined. Pi(T� t, S) will be called the fair
price of the American put at time t when the stock price and volatility regime at t are S and i,
respectively.

The next proposition shows that our definition of the fair price is equal to the smallest
wealth to hedge a short position of the American put if themarket is complete. In order to state
the proposition, we will consider (possibly non-existent) financial assets Θi for i 5 H or L
whose price is perfectly correlated with the Poisson process wi. The financial market is
complete if both ΘH and ΘL are tradable, i.e. the price processes exist and investors can form
their portfolios using the assets.

Proposition 2.1. Suppose that the financial market is complete, i.e. for j 5 H and L the
financial contractΘj is tradable in the market. Suppose also that S05 S,
σ(0)5 σi(i ∈ {H, L}) Then, Pi(t, S) is equal to the smallest initial wealth
required such that there exists a self-financing strategy whose wealth
process X(u) satisfies

(i).X(u) ≥ (K � S(u))þ for all 0 ≤ u < T.

(ii).X(T) 5 (K � S(T))þ .

Now we state a lemma that will be useful to define the optimal exercise boundaries.

Lemma 2.2. For i ∈ {H, L}, Pi(T, S) is Lipschitz continuous in S, uniformly continuous in
T, nondecreasing in T, nonincreasing in S and convex in S.

Let

Ci ≡

n
ðu; SÞ∈ 0;∞½ Þ2 : Piðu; SÞ > ðK � SÞþ

o
Si ≡

n
ðu; SÞ∈ 0;∞½ Þ2 3 0;T½ Þ : Piðu; SÞ ¼ ðK � SÞþ

o
;

for i ∈ {H, L}. By Lemma 2.2 Si is closed and Ci is open and Si;u ≡ fS : ðu; SÞ∈Sig and
Ci;u ≡ fS : ðu; SÞ∈ Cig are connected for every u ∈ [0, ∞)

For i ∈ {H, L}, let us define the optimal exercise boundary S i: for u∈ 0;∞½ Þ
S iðuÞ≡ sup

�
S : S ∈Si;u

�
:

Then, the optimal stopping time τ* for exercising the American put can be characterized as
follows:

τ* ¼ min
i∈fH ;Lg

�
inf

0≤u≤T

�
u : σðuÞ ¼ σi & Su ≤ S iðuÞ

��
:

The following theorem states that the American put option price is the sum of the price of a
European put option and the premium for the early exercise privilege. The results have been
obtained by Kim (1990), Jacka (1991) and Carr et al. (1992) in the constant volatility case. For a
measurable set, A∈F t, let χA denotes its characteristic function, i.e. χA(x) 5 1, if x ∈ A and
χA(x) 5 0 if x ∈ Ω � A

Theorem 2.3. For i∈ {H, L}, let pi(T, S) be the fair price of a European optionwith a strike
price equal to K, time to maturity equal to T and the underlying state S at
time T, when the current regime is i. Then,
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PiðT; SÞ ¼ piðT; SÞ þ
Z T

0

e−rtrKχn
SðtÞ<S H&σðtÞ¼σH

o
∪

n
SðtÞ<S L&σðtÞ¼σL

o
dt

In the constant volatility case, Mckean (1965) and Van Moerbeke (1976) have shown that the
fair value of the American put is a solution to a free boundary value problem. We establish a
similar result for the case with regime-switching volatility in the following. Let us define a

differential operatorL for a pair (fH(u, S), fL(u, S)) of functions which are C
2 on a subset ofR2:

for i ∈ {H, L}

Lfi ≡ σ2
i

2
S2fi;SS þ rSfi;S � rfi þ λi

	
fj � fi


� fi;u;

where j ∈ {H, L}, j ≠ i. Here, subscripts denote partial derivatives, i.e. fi;SS ¼ v2fi
vS2

; fi;S ¼ vfi
vS

and fi;u ¼ vfi
vu
.

Then, we consider the following free boundary value problem.

Problem 2.4. Find a pair (fH(u, S), fL(u, S)) of continuous functions defined on 0;∞½ Þ2 and a
pair ðDH ðuÞ;DLðuÞÞ of boundaries defined on [0, T] such that

Lfiðu; SÞ ¼ 0 for S > DiðuÞ; i∈ fH ;Lg

subject to the following six boundary conditions

lim
S↑∞

max
0≤u≤T

jfiðu; SÞj ¼ 0; ∀T < ∞ lim
S↓DiðuÞ

fiðu; SÞ ¼ K �DiðuÞ; lim
S↓DiðuÞ

fi;Sðu; SÞ ¼ −1;

and four terminal conditions

DiðTÞ ¼ K; fiðT; SÞ ¼ ðK � SÞþ; for S > 0:

Furthermore,

fiðu; SÞ ¼ K � S; for S ≤DiðuÞ; u∈ ½0;T�;

and

fiðu; SÞ≥ ðK � SÞþ; for u∈ ½0;T�; S > 0:

Proposition 2.5. (PH(u, S), PL(u, S)) and

�
S H ðuÞ; S LðuÞ

�
is the unique solution to

Problem 2.4.

3. Perpetual American puts
In this section, we consider the case where the option’s lifetime is infinite, that is, T 5 ∞.
McKean (1965) and Merton (1973) derived an analytic form for the option price for the case
where the volatility is constant. In this section, we derive an analytic form for the value of a
perpetual American put as in Guo and Zhang (2004). Furthermore, we provide a result
concerning the existence and uniqueness of a solution to the free boundary value problem
(Theorem 3.5) and show that the price of the perpetual put is always higher in the high-
volatility regime than in the low-volatility regime and the exercise boundary is lower in the
high-volatility regime than in the low-volatility regime (Theorems 3.7 and 3.8).
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Wewill use the notation Pi(S) for the value of American put and S i for the free boundary in
regime i ∈ {H, L}, omitting time variable t. The notation is justified because the value and
optimal exercise boundary of the perpetual American put option are time-homogeneous, i.e.
independent of time t, given the volatility regime and stock price.

Now we consider the following free boundary value problem that will characterize the
value of a perpetual American put option.

Problem 3.1. Find a pair (fH(S), fL(S)) of continuous functions defined on (0,∞) and a pair
ðDH ;DLÞ of positive real numbers such that

LPfiðSÞ ¼ 0 for S > Di; i∈ fH ;Lg (3.1)

where

LPfi ≡
σ2
i

2
S2fi;SS þ rSfi;S � rfi þ λi

	
fj � fi



with j ≠ i, subject to the following six boundary conditions

lim
S↑∞

jfiðSÞj ¼ 0; lim
S↓Di

fiðSÞ ¼ K �Di; lim
S↓Di

fi;SðSÞ ¼ −1; (3.2)

Furthermore, fiðSÞ ¼ K � S; for S ≤Di;

and

fiðSÞ≥ ðK � SÞþ; for S > 0:

Proposition 3.2. (PH(S), PL(S)) and

�
S H ; S L

�
is the unique solution to Problem 3.1.

Wewill later show that S L > S H . However, we still do not knowwhich of S L and S H is larger

and will temporarily let S M ≡max

�
S H ; S L

�
and S m ≡min

�
S H ; S L

�
. Namely,M andm

will denote H or L such that S M ≥ S m (When S M ¼ S m, we will choose notation such that
M 5 L and m 5 H).

In the following, we will derive the unique solution (PH(S), PL(S)) and

�
S H ; S L

�
to

Problem 3.1 in explicit form. An alternative derivation can be found in Guo and Zhang (2004).

Lemma 3.3. There exist two real negative numbers n1 and n2(n1 > n2) such that a general
solution to equations (3.1) for S > S M subject to boundary conditions
lim
S↑∞

PiðSÞ ¼ 0 for i, j ∈ {H, L} are given by

PH ðSÞ ¼ C1S
n1 þ C2S

n2 ; PLðSÞ ¼ C1ξ1S
n1 þ C2ξ2S

n2 : (3.3)

for some C1;C2 ∈R. Furthermore, n1, n2, ξ1 and ξ2 satisfy

n2 < �2r


σ2L < n1 < �2r



σ2
H ;

1 > ξ1 > 0 > ξ2:
(3.4)
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Lemma 3.4. Suppose that S m < S < S M . Then, the value of the perpetual American put
Pm(S) in regime m takes the following form:

PmðSÞ ¼ D1S
m1 þ D2S

m2 � S þ Kλm
r þ λm

(3.5)

for some constants D1 and D2, where

m1 ¼ σ2m � 2r þ ffiffiffiffiffiffi
am

p
2σ2m

; m2 ¼ σ2m � 2r � ffiffiffiffiffiffi
am

p
2σ2

m

; am ¼ 	2r � σ2
m


2 þ 8σ2mðr þ λmÞ > 0:

Furthermore, m1, m2 satisfy

m1 > 1; m2 < 0: (3.6)

Now we proceed to determine constants S m, S M , C1, C2, D1, D2. Let us define

f ðz; sÞ≡ rþ λm
rzK

ðz�n1Þðn2ðK� sÞþ sÞ
ðn2 �n1Þξ1

þðz�n2Þðn1ðK� sÞþ sÞ
ðn1 �n2Þξ2

þðz� 1Þs� zλmK

rþ λm

� �
:

The following result shows how to determine the solution to the free boundary problem.

Proposition 3.5. S M ; S m; C1; C2 satisfy the followings:�
f

�
m1; S M

��m1

¼
�
f

�
m2; S M

��m2

;0@S M

S m

1Am2

¼ f

�
m1; S M

�
;

0@S M

S m

1Am1

¼ f

�
m2; S M

�
; (3.7)

and

C1 ¼
n2
	
K � S M


þ S M

ðn2 � n1Þξ1S n1
M

; C2 ¼
n1
	
K � S M


þ S M

ðn1 � n2Þξ2S n2
M

; (3.8)

D1 ¼ rm2K

ðr þ λmÞðm2 �m1ÞS m1

m

; D2 ¼ rm1K

ðr þ λmÞðm1 �m2ÞS m2

m

: (3.9)

Corollary 3.6. (i) Both D1 and D2 are positive and (ii) C1 ≠ 0 and C2 ≠ 0.

We now show in the following theorems that the price of the perpetual put is always higher in
the high-volatility regime than in the low-volatility regime and the optimal exercise boundary
is lower in the high-volatility regime than in the low-volatility regime.

Theorem 3.7. S L > S H, i.e. m 5 H and M 5 L.

Theorem 3.8. PH(S) ≥ PL(S) for all S > 0 and the inequality is strict for S > S H .

In Figure 1, we draw a graph of the value of a perpetual American put option where the
parameters are given as r5 0.1,K5 1,T5 1, σH5 0.4, σL5 0.2, λH5 1.0 and λL5 0.5. The
intensity parameters in the figure are chosen such as the average time it takes a regime to
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change from high volatility to low volatility is a year, while the average time it takes a regime
to change from low volatility to high volatility is half a year. The higher intensity λH in the
high volatility regime H is supported by empirical studies, for example, Ang and Bekaert
(2002). The result shown in the figure is consistent with Theorems 3.7 and 3.8.

These results are also consistent with our intuition: High volatility yields a higher time
value, so the price PH is higher and the corresponding optimal exercise boundary is lower. In
the continuation region (the upper region of the optimal exercise boundary), a lower optimal
exercise boundary gives the put holder a higher time value because the current stock price is
above it.

4. American puts with finite expiry
In this section, we will study the valuation of an American put which has a finite expiration
time T. In the case where volatility is constant Carr (1998) has studied the same problem by
considering an American put with a random expiration time which is the sum of N
independent random times that are identically distributed according to an exponential
distributionwith amean equal toT/N. The random time is distributed according to an Erlang
distribution with a mean equal to T and a variance equal to T/N, and therefore, the random-
time approaches to T in probability as N → ∞. He has suggested that the value of an
American put with finite time T to expiration can be approximated by the value of an
American put with the previously explained random time if N is sufficiently large. We will
apply his technique to study the value of an American put with finite expiry.

4.1 Exponentially distributed time
In this section, wewill consider anAmerican put with a random time τ until expiration, where

P½τ∈ dt� ¼ βe−βtdt

with β ≡ 1/T. Namely, there is an independent Poisson process with an intensity β such that
the option expires at the first jump time of the process [4].
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Source(s): Authors’ own work

Note(s): The parameters are r = 0.1, K = 1, T = 1, σH = 0.4, σL = 0.2,
λH = 1.0 and λL = 0.5

Figure 1.
Value of a perpetual
American put option
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Note that the expected time to expiration of the American put is β. Analysis of the
American put with a random expiration time is very similar to that of the perpetual option in
the previous section. As in the case of the perpetual option, the value and early exercise
boundary of the American put option are time-homogeneous, i.e. independent of time t, given
the volatility regime and stock price. Therefore, the equations describing the fair value of the
American put are ordinary differential equations without having time derivatives. We will

use notation P1
i ðSÞ and S

1
i to denote the value and early exercise boundary of the American

put, respectively, in regime i ∈ {H, L}.
As in Carr (1998), the free boundary problem for the fair price of the American put takes

the following form: for i, j ∈ {H, L}, i ≠ j,

1

2
σ2
i S

2P1
i;SSðSÞþ rSP1

i;SðSÞ� ðrþ λi þ βÞP1
i ðSÞþ λiP

1
j ðSÞ ¼ 0 if S >K

1

2
σ2
i S

2P1
i;SSðSÞþ rSP1

i;SðSÞ� ðrþ λi þ βÞP1
i ðSÞþ λiP

1
j ðSÞ ¼−βðK�SÞ if S

1
i < S <K

P1
i ðSÞ ¼K�S if S < S

1
i ;

8>><>>:
with boundary conditions

lim
S↑∞

P1
i ðSÞ ¼ 0; lim

S↓S 1
i

P1
i ðSÞ ¼ K � S

1
i ; lim

S↓S 1
i

P1
i;SðSÞ ¼ −1:

As in the previous section, let S 1
M ≡max

�
S

1
H ; S

1
L

�
and S

1
m ≡min

�
S

1
H ; S

1
L

�
.

We will make the following assumption in this section.

Assumption I. There exist four distinct real roots n1, n2, n3, n4 of the algebraic equation
IF(n) 5 0, where

IFðnÞ ¼ 1

2
σ2
Hn

2 þ r � 1

2
σ2H

� �
n� ðr þ λH þ βÞ

� �
1

2
σ2Ln

2 þ r � 1

2
σ2
L

� �
n� ðr þ λL þ βÞ

� �
� λHλL;

and among them the two roots n1, n2(n1 > n2) are negative and others n3, n4(n3 > n4) are
greater than 1.

Note the fact that IF(0) > 0 and IF(1) > 0. Thus, if the roots of equation IF(n)5 0 exist in one of the
open intervals (�∞, 0), (0, 1) and (1,∞), then thereareexactly twoor four.Assumption I tellsus that
we assume there exist exactly two roots in (�∞, 0) and the other two roots in (1,∞), respectively.

Proposition 4.1. Suppose that Assumption I is valid and let ξ1, ξ2, ξ3 and ξ4 be unique
solutions to the following equation:

1

2
σ2
Hnðn� 1Þ þ rn� r � λH � β þ λHξ ¼ 0

ξ
1

2
σ2
Lnðn� 1Þ þ rn� r � λL � β

� �
þ λL ¼ 0:

8>><>>:
Then the fair value of the American put with random expiration time τ takes the following form.

(i) In the region S > K, for some constants C1
1;C

1
2

P1
mðSÞ ¼ C

1
1S

n1 þ C
1
2S

n2 ; P1
M ðSÞ ¼ C

1
1ξ1S

n1 þ C
1
2ξ2S

n2 :
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(ii) In the region S
1
M < S < K, for some constants ~C

1

1;
~C
1

2;
~C
1

3 and
~C
1

4,

P1
mðSÞ ¼ ~C

1

1S
n1 þ ~C

1

2S
n2 þ ~C

1

3S
n3 þ ~C

1

4S
n4 � S þ βK

r þ β
;

P1
M ðSÞ ¼ ~C

1

1ξ1S
n1 þ ~C

1

2ξ2S
n2 þ ~C

1

3ξ3S
n3 þ ~C

1

4ξ4S
n4 � S þ βK

r þ β
:

8>>><>>>:
(iii) In the region S

1
m < S < S

1
M , for some constants D1

1 and D1
2,

P1
mðSÞ ¼ D1

1S
m1 þ D1

2S
m2 � S þ Kðλm þ βÞ

r þ λm þ β
;

where m1 ¼ σ2m − 2rþ ffiffiffiffiamp
2σ2m

and m2 ¼ σ2m − 2r −
ffiffiffiffi
am

p
2σ2m

; am ¼ ð2r− σ2
mÞ2 þ 8σ2

mðr þ λm þ βÞ > 0 and

P1
MðSÞ ¼ K � S:

There are 10 equations that can be derived from the smoothness of P1
M ð$Þ and P1

mð$Þ. And by
some heavy calculation, we can reduce the 10 equations to two similar to the case of a
perpetual put [5].

Theorem 4.2. Suppose that Assumption I is valid. Then, S 1
L > S

1
H and P1

H ðSÞ≥P1
LðSÞ

for all S > 0. The inequality is strict for S > S
1
H .

4.2 Erlang-distributed time
In this section, wewill consider anAmerican put with a random expiration time τwhich is the
sum ofN independent random-times which are identically and exponentially distributedwith
a mean equal to T/N. That is, the American put will expire after the N-th jump time of an
independent Poisson process with intensity βN5N/T. Then, τ is distributed according to an
Erlang distribution, that is,

P½τ∈ dt� ¼ ðβN ÞN
ðN � 1Þ!t

N−1e−βN tdt:

Let us consider,N put options with the same strike priceK. The first option is the put with an
exponentially distributed time to expiration with β 5 βN explained in the previous section.
The k-th option for 1 < k≤N is a put which can be exercised for (K� S)þ at any time up to and
including the k-th jump time of a Poisson Process with intensity βN, and if the option is not
exercised after the k-th jump time of the Poisson Process it becomes the (k� 1)-th put after the

jump. Let Pk
i ðSÞðk ¼ 2; 3; . . . ;NÞ denote the fair value of the k-th American put in regime

i ∈ {H, L}. We conjecture that the N-th put value PN
i ðSÞ converges to the exact value of the

American put Pi(0, S) as N goes to infinity, as Carr (1998) did. Numerical results that will be
shown later support this conjecture, but the proof of the conjecture is still unknown.

If we follow the argument in Carr (1998), we can easily derive the following equation

for Pk
i ð$Þ:

1

2
σ2i S

2Pk
i;SSðSÞ þ rSPk

i;SðSÞ � rPk
i ðSÞ þ λi Pk

j ðSÞ
�

�Pk
i ðSÞ

�
¼ βN

�
Pk
i ðSÞ � Pk−1

i ðSÞ
�
;

i≠ j; j∈ fH ;Lg; for S > S
k
i :
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Let S k
M ≡max

�
S

k
H ; S

k
L

�
and S

k
m ≡min

�
S

k
H ; S

k
L

�
. We use the same notation nl’s and

ξl’s(l 5 1, 2, 3, 4) as in the previous section with β 5 βN.
The problem is to find Pk

i ðSÞ satisfying
1

2
σ2
i S

2Pk
i;SSðSÞ þ rSPk

i;SðSÞ � rPk
i ðSÞ þ λi

�
Pk
j ðSÞ � Pk

i ðSÞ
�
¼ βN

�
Pk
i ðSÞ � Pk−1

i ðSÞ
�
; i≠ j

and six boundary conditions

lim
S↑∞

Pk
i ðSÞ ¼ 0; lim

S↓S k
i

Pk
i ðSÞ ¼ K � S

k
i ; lim

S↓S k
i

Pk
i;SðSÞ ¼ −1:

Theorem 4.3. Suppose that Assumption I is valid and the determinant ofΦ(1), defined in
(6.13), is not zero. Then Pk

mðSÞ and Pk
M ðSÞ for k 5 1, 2, . . ., N take the

following form:

(i) In the region S > S
k
M , for two constants C

k
h’s(h 5 1, 2)

Pk
mðSÞ ¼

X4
h¼1

�
C

k
h þ ukhðSÞ

�
Snh

Pk
M ðSÞ ¼

X4
h¼1

ξh
�
C

k
h þ ukhðSÞ

�
Snh

8>>>><>>>>: (4.1)

where ukhð$Þ’s are defined by (6.15) in Appendix and

C
k
h ¼ − lim

S→∞
ukhðSÞ for h ¼ 3; 4: (4.2)

(ii) In the region S
k
m < S < S

k
M , for some constants Dk

1 and Dk
2 and m1, m2 defined in the

previous section,

Pk
mðSÞ¼ Dk

1S
m1 þDk

2S
m2

�Sm1

Z S

Sk
m

2
�
�λmKþλmt�βPk−1

m ðtÞ
�

ðm2�m1Þσ2mtm1þ1
dtþSm2

Z S

Sk
m

2
�
�λmKþλmt�βPk−1

m ðtÞ
�

ðm2�m1Þσ2
mt

m2þ1
dt;

and

Pk
MðSÞ ¼ K � S:

Theorem 4.4. Suppose that Assumption I is valid. S k
L > S

k
H and Pk

H ðSÞ≥Pk
LðSÞ for all

S > 0. The inequality is strict for S > S
k
H .

5. Implementation and numerical results
In this section, we will show numerical results. First, we will propose the Richardson
extrapolation together with the values of American puts with a random expiration time
studied in the previous section as an approximation to theAmerican optionwith finite expiry.
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We will compare the solutions obtained from this method with the solutions obtained by
pentanomial trees in Bollen (1998) for a certain set of parameter values. Second, we will
illustrate behavior of American put values in a regime-switching model with a parameter
change by using numerical solutions obtained from the Richardson extrapolation method.

5.1 Richardson extrapolation with randomized put values
We first explain the Richardson extrapolation method. As in the previous section, let Pi(0, S)
denote the exact American Put value with time to expiration equal to T <∞ at time 0 when

the stock price is equal to S and regime is i ∈ {H, L}. And let PN
i ðS;NÞ the value of an

American put with an Erlang-distributed random time to expiration with β5 N/T. Then, as
in Geske and Johnson (1984), Broadie and Detemple (1996) and Carr (1998), the Richardson

extrapolation for M ≥ 2, ~P
M

i ð0; SÞ, is defined as

~P
M

i ð0; SÞ≡
XM
N¼1

ð−1ÞM−N
NM

N !ðM � NÞ!P
N
i ðS;NÞ:

For example, a three-point Richardson extrapolation is represented by

~P
3

i ð0; SÞ ¼
1

2
P1
i ðS; 1Þ � 4P2

i ðS; 2Þ þ
9

2
P3
i ðS; 3Þ:

We conjecture that ~P
M

i ð0; SÞ, for a sufficiently large M, is a good approximation to Pi(0, S),
namely,

Pið0; SÞ≈ ~P
M

i ð0; SÞ;

for a sufficiently large M.

Table 1 exhibits the value of an American put calculated by the pentanomial-tree method
with 103 time steps and those calculated by the method in this paper with three-point
Richardson extrapolation. The default parameters are r 5 0.1, K 5 1, T 5 1, σL 5 0.2,
λL 5 0.5. It clearly shows that we can approximate the value of the American put quite
accurately by the three-point Richardson extrapolation together with randomized put values
(mostly errors are less than 0.0003).

Parameters Pentanomial tree 3-Point Richardson

S σH λH PH(0, S) PL(0, S) ~P
3

H ð0; SÞ ~P
3

Lð0; SÞ
0.9 0.4 1.0 0.1483 0.1106 0.1483 0.1106
0.9 0.4 2.0 0.1390 0.1093 0.1393 0.1094
0.9 0.5 1.0 0.1738 0.1150 0.1737 0.1149
0.9 0.5 2.0 0.1594 0.1128 0.1597 0.1127
1.0 0.4 1.0 0.1015 0.0594 0.1014 0.0592
1.0 0.4 2.0 0.0904 0.0574 0.0905 0.0572
1.0 0.5 1.0 0.1293 0.0660 0.1292 0.0658
1.0 0.5 2.0 0.1128 0.0629 0.1131 0.0626

Note(s):The values in Columns 4 and 5 are obtained by the pentanomial-tree method in Bollen (1998) with 103

time steps and those in Columns 6 and 7 are obtained by our accelerated method with a three-point Richardson
extrapolation
Source(s): Authors’ own work

Table 1.
Comparison of the
value of an American
put option for a set of
parameter values with
default parameters
r 5 0.1, K 5 1, T 5 1,
σL 5 0.2, λL 5 0.5
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5.2 Characteristics of American put values
Figure 2 shows the value of an American put option as a function of volatility σH of the stock
in stateH for the following parameter values: r5 0.1,K5 1,T5 1, σL5 0.2, λH5 2.0, λL5 0.5
and S 5 0.9. It shows the values in both the high-volatility state and low-volatility state
increase as the high-state volatility σH increases.

Figure 3 shows the value of an American put option as a function of volatility σL of the
stock in state L for the following parameter values: r5 0.1,K5 1, T5 1, σH5 0.4, λH5 2.0,
λL 5 0.5 and S 5 0.9. It shows the values in both the high-volatility state and low-volatility
state increase as the low-state volatility σL increases. Put prices tend to increase as either the
high-state volatility or the low-state volatility increases.
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Figure 2.
Value of an American
put option as a function
of volatility σH of the

stock in state H

Figure 3.
Value of an American
put option as a function
of volatility σL of the

stock in state L
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The results in Figures 2 and 3 are because there is a possibility that the future regimemay
differ from the current regime through regime shifts, thus the option price in a regime might
be highly influenced by the volatility of the opposite regime. This implies, if a period
incorporating regime shifts is considered as the lifetime of an American option, practitioners
should assess the market value of options taking into account the volatility of a regime
different from the present one.

Figure 4 shows the value of an American put option as a function of intensity
parameter λH for the following parameter values r5 0.1,K5 1, T5 1, σH5 0.4, σL5 0.2,
λL5 0.5 and S5 0.9. It shows the values in both the high-volatility state and low-volatility
state decline as the intensity λH increases. Namely, as it is more likely for the high-
volatility regime to change to the low-volatility regime, the option values in both the high-
volatility state and low-volatility state tend to decline. Figure 5 shows the value of an
American put option as a function of intensity parameter λL for the following parameter
values r5 0.1,K5 1,T5 1, σH5 0.4, σL5 0.2, λH5 2.0 and S5 0.9. It shows the values in
both the high-volatility state and low-volatility state increase as the intensity λL
increases.

We conjecture the above comparative statics results illustrated by numerical examples are
generally valid and leave their analytic proof as an open question.

6. Conclusion
We introduce a novel approach to find the value of American puts with regime-switching
volatility. We demonstrate that the value of an American put can be represented as the
combination of the corresponding European put price and the premium attributed to the
early exercise privilege. We also provide rigorous proof that the American put value
constitutes a unique solution to the free boundary value problem. Furthermore, we show
that perpetual American put options can exhibit distinct characteristics depending on the
prevailing volatility regime. Specifically, we establish that perpetual put options
command a higher price during periods of high-volatility compared to low-volatility
phases. Additionally, we reveal that the optimal exercise boundary is situated at a lower
threshold in high-volatility regimes, as opposed to low-volatility regimes. These findings
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contribute valuable insights into the dynamics of option pricing in the context of
fluctuating volatility regimes.

Moreover, we develop an analytical framework to describe American puts with an Erlang-
distributed random-time horizon, which allows us to propose a numerical technique for
approximating the value of American puts with finite expiry. We also show that a combined
approach involving randomization and Richardson extrapolation can be a numerical
algorithm for estimating American put prices with finite expiry.

Notes

1. Yi (2008) shows the same result with ours.

2. Analysis in this paper can be easily extended to the case where the stock pays cash dividends at a
constant rate.

3. The probability measure Q is equivalent to P on ðΩ;F B;wH ;wL

T Þ for T < ∞, where F B;wH ;wL

T is a
σ-algebra generated by B(s), wH(s), wL(s) for s ∈ [0, T]. But in an infinite horizon P and Q are not
equivalent. See Section 1.7, Karatzas and Shreve (1998).

4. We need to enlarge the filtration fF tg to make the Poisson process progressively measurable. We
will assume such a modification has been done to the filtration.

5. The two equations are very lengthy and we do not report them in the paper. They are available from
the authors upon request.
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Appendix
We provide proof of the results in this appendix.

The Snell Envelope. Let us define

Y ðtÞ≡ e−rtðK � SðtÞÞþ

ByTheoremD.7 inAppendix of Karatzas and Shreve (1998) (Hereafter wewill refer to it as “KS”), there is
a Q-supermartingale {ξ(t): 0 ≤ t ≤ T} with right continuous and left limit (RCLL) paths such that

ξðtÞ≥Y ðtÞ for all t ∈ ½0;T�
almost surely and for a stopping time v ∈ [0, T]

ξðvÞ ¼ ess sup
τ∈Sv;T

EQ½Y ðτÞj F v� a:s:

where Sv;T is the set of stopping times between v and T. We know, in particular,
ξð0Þ ¼ sup

τ∈S0;T

EQ½Y ðτÞ� ¼ PiðT; SÞ. By Theorem D.12 in KS, with the stopping time
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τ* ≡ ft ∈ 0;T½ Þ : ξðtÞ ¼ Y ðtÞg∧T;

we have ξ(0) 5 EQY(τ*).

Proof of Proposition 2.1. The proof is a modification of the proof of Theorem 5.3, Chapter 2 in KS. A
self-financing process dominating the American option payoff satisfies the following inequality: there
exists some portfolio process (π(t), πH(t), πL(t)), t ∈ [0, T] and γ ∈ R such that for every τ∈S0;T

Y ðτÞ≤ γ þ
Z τ

0

1

SðuÞ πðuÞσðuÞd
~BðuÞ þ

Z T

0

1

SH ðuÞπH ðuÞd~wH ðuÞ þ
Z T

0

1

SLðuÞπLðuÞd~wLðuÞ;

(6.1)

where ~wiðtÞ≡wiðtÞ− λi t and Si(t) is the price of Θi at time i for i ∈ {H, L} (by market completeness
assumption Θi is tradable in the market).

Let

Vmin≡inffγ∈R :thereexistsaportfolioprocessðπðtÞ;πH ðtÞ;πLðtÞÞ; t∈½0;T�; satisfyingð6:1Þg:

That is, Vmin is the smallest initial wealth required such that there exists self-financing strategy whose
wealth process satisfies (i) and (ii) in the proposition.

Theorem D.13 in KS asserts that ξ($) 5 M($) � Λ($), where M($) is a uniformly integrable RCLL
martingale underQ and Λ($) is an adapted, continuous, nonincreasing process with Λ(0)5Λ(τ*)5 0 a.s.
Because of the assumption of market completeness, theFT-measurable random variable B ≡ S(T)M(T)
can be self-financed, i.e. by the martingale representation theorem for a process driven by a Brownian
motion and independent Poisson processes (see Theorem 12.33 and 12.35 of Elliot (1980)), there is a
triplet ðbπð$Þ;bπH ð$Þ;bπLð$ÞÞ satisfying

MðTÞ ¼ ξð0Þ þ
Z T

0

1

SðuÞbπðuÞσðuÞd~BðuÞ þ
Z T

0

1

SH ðuÞbπHðuÞd~wHðuÞ

þ
Z T

0

1

SLðuÞbπLðuÞd~wLðuÞ;

where ~wiðtÞ≡wiðtÞ− λi t and Si(t) is the price of Θi at time i for i ∈ {H, L}.

Taking conditional expectations with respect to F t in the above equation, we have for t ∈ [0, T]

Y ðtÞ≤ ξðtÞ ¼ MðtÞ � ΛðtÞ

¼ ξð0Þ � ΛðtÞ þ
Z t

0

1

SðuÞbπðuÞσðuÞd~BðuÞ þ
Z t

0

1

SH ðuÞbπH ðuÞd~wH ðuÞ þ
Z t

0

1

SLðuÞbπLðuÞd~wLðuÞ

≤ ξð0Þ þ
Z t

0

1

SðuÞbπðuÞσðuÞd~BðuÞ þ
Z t

0

1

SH ðuÞbπH ðuÞd~wH ðuÞ þ
Z t

0

1

SLðuÞbπLðuÞd~wLðuÞ:

Therefore,

Vmin ≤ ξð0Þ ¼ Pið0; SÞ;
Suppose that there exists a self-financing strategy whose wealth process X(t) satisfies (i) and (ii) in the
statements of the proposition. For any stopping time τ∈S0;T

Y ðτÞ≤Xð0Þ þ
Z τ

0

1

SðuÞbπ0ðuÞσðuÞd~BðuÞ þ
Z τ

0

1

PH ðuÞbπ0
H ðuÞd~wHðuÞ

þ
Z τ

0

1

PLðuÞbπ0
LðuÞd~wLðuÞ;
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where ðbπ0ð$Þ;bπ0
H ð$Þ;bπ0

Lð$ÞÞ is a self-financing portfolio for the process X($). Taking expectation in the
above equation we know

EQY ðτÞ≤Xð0Þ; ∀τ∈S0;T :

Therefore, Pi(0, S) 5 ξ(0) ≤ X(0) and this implies that

Pið0; SÞ≤Vmin:

This completes the proof. “

Proof of Lemma 2.2. The proof is essentially the same as that of Proposition 7.1 and Lemma 7.4,
Chapter 2 in KS. Therefore, we establish only the proof of the uniform continuity in T here.

Let us define, for i ∈ {H, L},

ψ iðtÞ≡EQ

�
max
0≤s≤t

f1� e�rsHiðsÞgþ
�
;

HiðsÞ≡ exp rs� 1

2

Z s

0

σ2ðuÞduþ
Z s

0

σðuÞd~Bu

� �
when σð0Þ ¼ σi;

and

ψðtÞ≡ψH ðtÞ∨ψLðtÞ:
Then by the bounded convergence theorem, lim

t↓0
ψðtÞ ¼ 0. Suppose that σ(0) 5 σi. For given

S0 ¼ S ∈ 0;∞½ Þ, if we let 0 ≤ T1 ≤ T2 and

τ2 ¼ inf
�
t ∈ ½0;T2Þ

�� ξðtÞ ¼ e−rtðK � S HiðtÞÞþ
�
∧T2; τ1 ¼ τ2∧T1;

then by the fact S(t) 5 S H(t), we obtain

0 ≤PiðT2;SÞ�PiðT1;SÞ≤EQ
�
e−rτ2ðK�Sðτ2ÞÞþ � e−rτ1ðK�Sðτ1ÞÞþ

�
≤EQ

�ðe�rτ1Sðτ1Þ� e�rτ2Sðτ2ÞÞþ
�

≤EQ e−rτ1Sðτ1Þ$EQ 1� min
T1≤ t≤T2

exp �1

2

Z t

T1

σ2ðuÞduþ
Z t

T1

σðuÞd~Bu

� �� �� �þ����� FT1

" #" #
≤EQ½e−rτ1Sðτ1Þ�$ψðT2 �T1Þ≤SψðT2�T1Þ:

Thus, Pi(T, S) is uniformly continuous in T for all S ∈ 0;∞½ Þ. “
We need the following lemmas in order to prove Theorem 2.3 and Proposition 2.5.

Lemma 6.1. (PH(u, S), PL(u, S)) is a solution to the initial-boundary value problem

Lfiðu; SÞ ¼ 0; S > S iðuÞ; u∈ 0;∞½ Þ
fi

�
u; S iðuÞ

�
¼ K � S iðuÞ; u∈ 0;∞½ Þ;

fið0; SÞ ¼ ðK � SÞþ; S ≥ S ið0Þ;
lim
S→∞

max
0≤u≤T

jfiðu; SÞj ¼ 0 for all T < ∞;
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for i ∈ {H, L}. In particular, the partial derivatives Pi,SS, Pi,S, Pi,t exist and are continuous in Ci for
i ∈ {H, L} .

Proof. The proof is a modification of the proof of Theorem 7.6 Chapter 2 in KS.
Consider the following initial-boundary value problem: for i ∈ {H, L}

σ2
i

2
S2fi;SSðu; SÞ þ rSfi;Sðu; SÞ � rfiðu; SÞ � λifiðu; SÞ � fi;uðu; SÞ ¼ −λiPjðu; SÞ; in R

fi ¼ Pi; on v0R;

where R ¼ ðt1; t2Þ3 ðS1; S2Þ⊂ Ci and v0R ¼ v0R− ft2g3 ðS1; S2Þ.
We know by Lemma 2.2 Pi(i ∈ {H, L}) is uniformly H€older continuous and Theorem 7, Chapter 3 in

Friedman (1964) implies that there exists a unique classical solution to the above initial-boundary value
problem.

We show that fi5 Pi onR. Suppose that σ(0)5 σi and j∈ {H, L}, j≠ i,. Let (t0, S0) be an element inR
and consider a stopping time τ∈S0;t0−t1 defined by

τ≡ inffθ∈ ½0; t0 � t1Þ : ðt0 � θ; SðθÞÞ∈ v0Rg ∧ inffθ∈ ½0; t0 � t1Þ : σðτÞ ¼ σjg ∧ ðt0 � t1Þ

where S(θ) is the price of the stock at time θ with S(0) 5 S0 and the process

NðθÞ≡ e−rθfiðt0 � θ; SðθÞÞχfσðθÞ¼σig þ e−rθPjðt0 � θ; SðθÞÞχfσðθÞ¼σjg; θ∈ ½t0 � t1�:

By Ito’s rule N($∧ τ) is a bounded P0-martingale, and thus

f ðt0; S0Þ ¼ Nð0Þ ¼ EQNðτÞ ¼
X

k∈fH ;Lg
EQ
h
e−rτPkðt0 � τ; SðτÞÞχfσðτÞ¼σkg

i
:

But ðt0 − τ; SðtÞÞ∈ Ci implies

τ≤ τS ≡ inf
�
θ∈ ½0; t0Þ : ξðt0 � θÞ ¼ ðK � SðθÞÞþ�∧t0

Now the proof of Proposition 2.1 implies that the stopped process�	
e−rðt∧τS ÞξðT � ðt∧τSÞÞ; F t



: 0≤ t ≤T

�
(6.2)

is a Q-martingale. Now the optional sampling theorem and equation (6.2) yieldX
k∈fH ;Lg

EQ
h
e−rτPkðt0 � τ; SðτÞÞχfσðτÞ¼σkg

i
¼ Piðt0; S0Þ:

Thus, fi and Pi agree on R and hence Pi,SS, Pi,S and Pi,t exist and continuous in Ci.

We now show the last limit in the lemma. Let T ∈ (0, ∞) and for (t, S) ∈ [0, T] 3 (0, ∞) define

τS ≡ inf
�
θ∈ ½0; tÞ : Piðt � θ; SðθÞÞ ¼ ðK � SðθÞÞþ�∧t

where S(θ) is the price of the stock at time θ with S(0) 5 S. Notice that Piðt; SÞ ¼ EQ½e−rτS
ðK − SðτSÞÞþ�. Set

ρS ≡ fθ∈ 0;∞½ Þ : SðθÞ≤Kg:
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Then,

0≤Piðt; SÞ ≤ KEQ
h
χfρS≤tge

−rρS
i
þ EQ

h
χfρS>tge

−rtðK � SðtÞÞþ
i

≤ KQ½ρS ≤T�:
Since lim

S→∞
Q½ρS ≤T� ¼ 0, the last limit in the lemma is valid. “

Lemma 6.2. The Snell envelope ξ(t) has the following decomposition

ξðtÞ ¼ MðtÞ � ΛðtÞ; t ∈ ½0;T�; (6.3)

where

MðtÞ ≡ PiðT; SÞ þ
X

k∈fH ;Lg

Z t

0

e−ruSðuÞPk;SðT � u; SðuÞÞσkχfσðuÞ¼σkgd
~BðuÞ

þ
X

k;j∈fH ;Lg;

j≠k

Z t

0

e−ru PjðT � u; SðuÞÞð � PkðT � u; SðuÞÞχfσðuÞ¼σkgd~wkðuÞ;

and

ΛðtÞ≡
Z t

0

rKe−ruχn
SðuÞ<S H&σðuÞ¼σH

o
∪

n
SðuÞ<S L&σðuÞ¼σL

o
du:

Proof. The proof is a modification of the proof of Theorem 7.9, Chapter 2 in KS. Let ζ : R2
→ 0;∞½ Þ be a

C∞ function integrating to 1 and having support in [0,1]2. For k ∈ {H, L} and e > 0, define

Pe

kðt; SÞ≡
Z ∞

0

Z ∞

0

Pkðt þ eu; S þ evÞζðu; vÞdudv:

Then, Pe

kðt; SÞ is of class C∞ on (0,∞)2. And by the same calculation as in the proof of Theorem 7.9 in KS,
we know

Pe

k;Sðt; SÞ ¼
Z ∞

0

Z ∞

0

Pk;S ðt þ eu; S þ evÞζðu; vÞdudvð

Pe

k;SSðt; SÞ ¼
Z ∞

0

Z ∞

0

Pk;SS ðt þ eu; S þ evÞζðu; vÞdudvð

Pe

k;tðt; SÞ ¼
Z ∞

0

Z ∞

0

Pk;t ðt þ eu; S þ evÞζðu; vÞdudvð

These formulas show that Pe

k and LPe

k are bounded on compact subsets of (0,∞)2 and

Pk;Sðt; SÞ ¼ lim
e↓0

Pe

k;Sðt; SÞ;

LPkðt; SÞ ¼ lim
e↓0

LPe

kðt; SÞ; ∀ðt; SÞ∈ ð0;∞Þ2; S ≠ S iðtÞ:
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According to generalized Ito’s rule,X
k∈fH ;Lg

e−rtPe

kðT � t; SðtÞÞχfσðuÞ¼σkg

¼ PiðT; SÞ þ
X

k∈fH ;Lg

Z t

0

e−ruLPe

kðT � u; SðuÞÞχfσðuÞ¼σkgdu

þ
X

k∈fH ;Lg

Z t

0

e−ruSðuÞPe

k;SðT � u; SðuÞÞσkχfσðuÞ¼σkgd
~BðuÞ

þ
X

k;j∈fH ;Lg;

j≠k

Z t

0

e−ru Pe

j ðT � u; SðuÞÞ � Pe

kðT � u; SðuÞÞχfσðuÞ¼σkg
� �

d~wkðuÞ;

(6.4)

for t ∈ [0, T].

For each u ∈ (0, T), we have

Q

��
SðuÞ ¼ S H &σðuÞ ¼ σH

�
∪
�
SðuÞ ¼ S L &σðuÞ ¼ σL

��
¼ 0:

Therefore,
P

k∈fH ;Lg
R t

0
e−ruLPSðT − u; SðuÞÞχfσðuÞ¼σkgdu is defined and equal toZ t

0

e−rurKχn
SðuÞ<S H&σðuÞ¼σH

o
∪

n
SðuÞ<S L&σðuÞ¼σL

o
du;

a.s.

Letting e ↓ 0 in equation (6.4), we obtain (6.3), for t ∈ 0;T½ Þ and then for t5 T by letting t ↑ T. The

process M($) is a martingale because �1 ≤ Pk,S(t, S) ≤ 0 and EQ
R T

0
SðuÞ2du

h i
< ∞. “

Proof of Theorem 2.3. Suppose that σ(0) 5 σi(i ∈ {H, L}). By Lemma 6.2, we have

piðT; SÞ ¼ EQ
�
e−rTðK � SðTÞÞþ� ¼ EQ½ξðTÞ�

¼ EQ½MðTÞ� � EQ½ΛðTÞ� ¼ ξð0Þ � EQ½ΛðTÞ�
¼ PiðT; SÞ � EQ½ΛðTÞ�:

Therefore, the decomposition in the theorem follows. “

Proof of Proposition 2.5. The proof is a modification of the proof of Theorem 7.12, Chapter 2 in KS.

(PH(u, S), PL(u, S)) and
�
S H ðuÞ; S LðuÞ

�
solve Problem 2.4 by Lemma 6.1.

Suppose (fH(u, S), fL(u, S)) is a solution to Problem 2.4 together with ðDH ðuÞ;DLðuÞÞ.
Fix ðT; SÞ∈ 0;∞½ Þ2 and assume that S(0)5 S and σ(0)5 σi(i ∈ {H, L}). Let us define a process ξf(t)

by letting

ξf ðtÞ≡
X

k∈fH ;Lg
e−rtfkðT � t; SðtÞÞχfσðtÞ¼σkg:

By using the same argument as in the proof of Lemma 6.2, we obtain

ξf ðtÞ ¼ Mf ðtÞ � Λf ðtÞ
where Mf($) is a local martingale defined according as
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Mf ðtÞ ≡ fiðT; SÞ þ
X

k∈fH ;Lg

Z t

0

e−ruSðuÞfk;SðT � u; SðuÞÞσkχfσðuÞ¼σkgd
~BðuÞ

þ
X

k;j∈fH ;Lg;

j≠k

Z t

0

e−ru fjðT � u; SðuÞÞ � fkðT � u; SðuÞÞχfσðuÞ¼σkgd~wkðuÞ
�

;

and Λf($) is nondecreasing and defined as

Λf ðtÞ≡
Z t

0

e−rurKχfSðuÞ<DH&σðuÞ¼σH g∪ fSðuÞ<DL&σðuÞ¼σLgdu:

Let ðτnÞ∞n¼1 be a sequence of stopping timeswith τn ↑T almost surely and such that {Mf(t∧ τn): 0≤ t≤T}
is a Q-martingale. For any stopping time τ∈S0;T we have

EQ
�
ξf ðτ∧τnÞ

� ¼ fiðT; SÞ � EQΛf ðτ∧τnÞ:

By the fact that lim
S↑∞

max
0≤t≤T

jfkðu; SÞj ¼ 0, k ∈ {H, L}, the function fk is bounded on ½0;T�3 0;∞½ Þ, so by
taking limit n → ∞ in the above equation the dominated convergence theorem implies

EQ
�
ξf ðτÞ� ¼ fiðT; SÞ � EQΛf ðτÞ; ∀τ∈S0;T : (6.5)

From the fact fk(u, S)≥ (K� S)þ for k∈ {H, L} and ðu; SÞ∈ 0;∞½ Þ2 and the nonnegativity ofΛf, we have

EQ
�
e−rτðK � SðτÞÞþ�≤ fiðT; SÞ; ∀τ∈S0;T :

Therefore, fi(T, S) ≥ Pi(T, S).

Let us now show the reverse inequality. Let

τ0S ≡T ∧ infft ≥ 0 : ðSðtÞ≤DH&σðtÞ ¼ σH Þ or ðSðtÞ≤DL&σðtÞ ¼ σLÞg
Then, we have ξf ðT − τ0SÞ ¼ ðK − Sðτ0SÞÞþ and Λf ðτ0SÞ ¼ 0, so equation (6.5) implies EQ½e−rτ0S ðK −

Sðτ0SÞÞþ� ¼ fiðT; SÞ. This implies fi(T, S) ≤ Pi(T, S), and therefore, fi(T, S) 5 Pi(T, S).
To show that Di ¼ S i, it is enough to show the two open sets C0

i and Di are equal, where

C0
i ≡

�
ðt; SÞ∈ ð0;∞Þ2 : S > S iðtÞ

�
and Di ≡ fðt; SÞ∈ ð0;∞Þ2 : S > DiðtÞg. For ðt; SÞ∈ C0

i , we have

LPiðt; SÞ ¼ 0 which means that ðt; SÞ∈Di. Therefore C0
i ⊆Di since Di is open. The other inclusion

Di ⊆ C0
i can be proved by the same argument. “

Proof of Proposition 3.2.We can extend Lemma 6.1 to the caseT5∞ by considering a system of the
second-order ordinary differential equations instead of parabolic partial differential equations. Namely,
for i ∈ {H, L}

σ2i
2
S2fi;SSðSÞ þ rSfi;SðSÞ � rfiðSÞ � λifiðSÞ ¼ −λiPjðSÞ; in R

fi ¼ Pi; on vR;

whereR ¼ ðS1; S2Þ⊂ Ci and vR ¼ fS1; S2g. We know by the theory of ordinary differential equations
that there exists a unique classical solution to the above boundary value problem. Then, the proof of the
extended lemma follows in exactly the same way as in the proof of Lemma 6.1.

Now (PH(S), PL(S)) and

�
S H ; S L

�
is a solution to Problem 3.1 by the extended lemma.
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Conversely, a solution (fH(S), fL(S)) and ðDH ;DLÞ to Problem 3.1 satisfies fi(S)5 Pi(S) and Di ¼ S i

for i ∈ {H, L} by Theorem 3.1 in Guo and Zhang (2004). “
Proof of Lemma 3.3.We first try to find a solution of the form PH(S)5 Sn, PL(S)5 ξSn to (3.1), where

n and ξ are some complex numbers. A straightforward calculation shows that if n and ξ satisfy the
following system of algebraic equations then PH(S) 5 Sn, PL(S) 5 ξSn are solutions to (3.1):

1

2
σ2
Hnðn� 1Þ þ rn� r � λH þ λHξ ¼ 0

ξ
1

2
σ2Lnðn� 1Þ þ rn� r � λL

� �
þ λL ¼ 0:

8>><>>: (6.6)

Now n satisfies equations (6.6) if and only if it satisfies the fourth-order equation:

ðn� 1Þ�σ2Hσ2
Ln

3 þ 	2rσ2
H þ 2rσ2L � σ2Hσ

2
L



n2 þ 2

	
2r2 � rσ2

H � rσ2L � λHσ2L � λLσ2
H



n

� 4rðr þ λH þ λLÞ
� ¼ 0:

(6.7)

We will now show that all the roots of equation (6.7) are real and exactly two of them are negative.
Obviously, n 5 1 is a one positive root of equation (6.7). Let

IðnÞ≡ σ2Hσ
2
Ln

3 þ 	2rσ2H þ 2rσ2
L � σ2Hσ

2
L



n2 þ 2

	
2r2 � rσ2

H � rσ2L � λHσ2
L � λLσ2

H



n� 4rðr

þ λH þ λLÞ:

Then,

Ið0Þ ¼ −4rðr þ λ1 þ λ2Þ < 0; I −
2r

σ2
L

� �
¼ 4rλ2

	
σ2
H � σ2L



σ2
L

> 0:

Therefore, there exist two distinct real negative roots and two (possibly equal) real positive roots of
equation (6.7).

Note that among the solutions of the formPH(S)5 Sn,PL(S)5 ξSn, only those with negative n satisfy
boundary conditions lim

S↑∞
PiðSÞ ¼ 0 for i ∈ {H, L}.

We know that the homogeneous system of equations (3.1) has a solution space of dimension 4.
Suppose that the positive real roots to (6.7) are distinct. Then the basis to the solution space consists of
pairs of functions PH(S) 5 Sn, PL(S) 5 ξSn with n, ξ satisfying (6.6). Solutions to (3.1) satisfying the
boundary conditions lim

S↑∞
PiðSÞ ¼ 0 for i5H,L form a two-dimensional subspace whose basis consists of

pairs of functions PH(S)5 Sn, PL(S)5 ξSnwith n< 0 and ξ satisfying (6.6). Therefore, a general solution
takes the form in equation (3.3). A straightforward extension of the proof shows that the result is also
valid for the case where the positive real roots to (6.7) are both equal to 1.

It is easy to show that I − 2r
σ2
H

� �
< 0. This proves inequalities for n1 and n2 in (3.4).

Let JðnÞ≡ 1
2
σ2Hnðn− 1Þ þ rn− r. Then, it is easy to show that J0(n) < 0 for n≤ − 2r

σ2
H

and J − 2r
σ2
H

� �
¼ 0.

This proves inequalities 1 > ξ1 > ξ2. Also, the first and second equations in (3.1) can be converted into

1� ξ ¼ ðn� 1Þ 1

2
σ2
Hnþ r

� ��
λH ; 1� 1

ξ
¼ ðn� 1Þ 1

2
σ2Lnþ r

� ��
λL;

respectively. Dividing the first equation by the second, we obtain
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ξ ¼ −
λH 1

2
σ2Lnþ r
	 


λL 1
2
σ2Hnþ r
	 
;

and this fact together with n2 < − 2r=σ2
L < n1 < − 2r=σ2H implies that ξ1 > 0 > ξ2.

The proof is now complete. “
Proof of Lemma 3.4.Let us assume S m < S < S M . Then, by (3.2) we know that PM(S) 5 K � S.

Therefore, Pm(S) satisfies

1

2
σ2
mS

2Pm;SS þ rSPm;S � ðr þ λmÞPm þ λmðK � SÞ ¼ 0:

Now a solution to the above equation takes the form in equation (3.5), wherem1,m2 are solutions to the
characteristic equation

1

2
σ2mz

2 þ r � 1

2
σ2m

� �
z� ðr þ λmÞ ¼ 0:

Therefore, m1, m2 satisfy inequalities in (3.6). This completes the proof. “

Proof of Proposition 3.5.From the boundary conditions forPm(S) at S m, we obtain equation (3.9), and
from the boundary conditions for PM(S) at S M , we get equation (3.8). Finally, by (3.9) and (3.8) the C2-
property of Pm(S) at S M is equivalent to equation (3.7). “

Proof of Corollary 3.6. (i) (3.6) and (3.9) yield the property for D1 and D2 immediately.
(ii) Equation (3.8) implies that both C1 and C2 are non-zero. “
Proof of Theorem 3.7. Assume that the converse is true, i.e. S H ≥ S L.
By Lemma 2.2, the value of the American put is a convex function of the underlying stock price S

(The lemma is stated for a put option with finite expiry, but the proof is valid also for a perpetual put).
Therefore, Pi,SS(S) ≥ 0 for all S > S i for i 5 H, L. Convexity of PL(S) and the boundary condition

PL;S

�
S L

�
¼ −1 implies that

PH ðSÞ ¼ K � S ≤PLðSÞ for S L ≤ S ≤ S H ;

and

PL;S

�
S H

�
� PH ;S

�
S H

�
≥ 0: (6.8)

Therefore,

PL

�
S H

�
� PH

�
S H

�
≡ l1 ≥ 0: (6.9)

From (3.3), we know lim
S↑∞

PH ;SSðSÞ ¼ 0, and hence there exists l2 > 0 such that 0 ≤ PH,SS(S) ≤ l2.

Let g(S)≡ PL(S)� PH(S). Then, for S ≥ S H , we derive the following equation from (3.1), (3.2), (6.8) and
(6.9)

1

2
σ2LS

2g
00 ðSÞ þ rSg0ðSÞ � ðr þ λH þ λLÞgðSÞ ¼ 1

2

	
σ2
H � σ2

L



S2PH ;SSðSÞ;

with boundary conditions g

�
S H

�
¼ l1; g0

�
S H

�
≥ 0; lim

S↑∞
gðSÞ ¼ 0. Let LðSÞ≡ σ2

H
− σ2

L

σ2
L

PH ;SSðSÞ. Then
0 ≤ L(S) ≤ l3, for some constant l3, since 0 ≤ PH,SS(S) ≤ l2. Applying a standard argument for an Euler

equation, a general solution takes the following form
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gðSÞ ¼ c1S
k1 þ c2S

k2 � Sk1

Z S

S H

LðtÞ
ðk2 � k1Þσ2

Lt
k1−1

dt þ Sk2

Z S

S H

LðtÞ
ðk2 � k1Þσ2Ltk2−1

dt

for some constants c1 and c2, where.

k1 ≡
r− σ2

L
=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− σ2

L
=2Þ2þ2σ2

L
ðrþλHþλLÞ

p
σ2
L

; k2 ≡
r− σ2

L
=2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− σ2

L
=2Þ2þ2σ2

L
ðrþλHþλLÞ

p
σ2
L

:
Note that k1 > 1 and k2 < 0.
By (3.3), we know that Z ∞

S H

LðtÞ
ðk2 � k1Þσ2Ltk1−1

dt

�����
����� < ∞:

From (3.3) and the fact that n1, n2, k2 < 0, we know

lim
S↑∞

Sk2

Z S

S H

LðtÞ
ðk2 � k1Þσ2Ltk2−1

dt ¼ 0: (6.10)

(6.10), the fact that k1 > 1 and the boundary condition lim
S↑∞

gðSÞ ¼ 0 force c1 to satisfy the following

c1 ¼
Z ∞

S H

LðtÞ
ðk2 � k1Þσ2Ltk1−1

dt:

Here, the improper integral in the right-hand side is finite because of equation (3.3) and the fact that n1, n2
< 0, k1 > 0.

Therefore,

l1 ¼ g

�
S H

�
¼ S

k1
H

Z ∞

S H

LðtÞ
ðk2 � k1Þσ2

Lt
k1−1

dt þ c2S
k2
H ;

or equivalently,

c2 ¼ l1S
−k2
H � S

k1−k2
H

Z ∞

S H

LðtÞ
ðk2 � k1Þσ2

Lt
k1−1

:

But,

g0
�
S H

�
¼ k1c1S

k1−1
H þ k2c2S

k2−1
H ¼ −S

k1−1
H

Z ∞

S H

LðtÞ
σ2
Lt

k1−1
dt þ l1k2S

−1
H < 0

where the last inequality follows from the fact that L(t) is not identically zero for S ≥ S H because of

Corollary 3.6 (ii). This is contradictory to the boundary condition g0
�
S H

�
≥ 0.

The proof is complete. “
Proof of Theorem 3.8. Let h(S) ≡ PH(S) � PL(S). Then, by an argument similar to the proof of

Theorem 3.7, we know that h(S) satisfies the following equation for S > S L

1

2
σ2
HS

2h
00 ðSÞ þ rSh0ðSÞ � ðr þ λH þ λLÞhðSÞ ¼ 1

2

	
σ2L � σ2H



S2PL;SSðSÞ;

with boundary conditions h

�
S L

�
≡ l ≥ 0; h0

�
S L

�
≥ 0; lim

S↑∞
hðSÞ ¼ 0. Let LðSÞ≡ σ2

L
− σ2

H

σ2
H

PL;SSðSÞ. Then,
−~l ≤LðSÞ≤ 0 for some positive constant~l.
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Applying a standard argument, we know

hðSÞ ¼ c1S
k1 þ c2S

k2 � Sk1

Z S

S L

LðtÞ
ðk2 � k1Þσ2

H t
k1−1

dt þ Sk2

Z S

S L

LðtÞ
ðk2 � k1Þσ2H tk2−1

dt (6.11)

for some constants c1 and c2, where

k1 ¼
r � σ2

H

�
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi	
r � σ2H



2

2 þ 2σ2

H ðr þ λH þ λLÞ
q

σ2
H

;

k2 ¼
r � σ2

H

�
2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi	
r � σ2H



2

2 þ 2σ2

H ðr þ λH þ λLÞ
q

σ2
H

:

Here, k1 > 1 and k2 < 0.

By an argument similar to the proof of Theorem 3.7, we can show that

c1 ¼
Z ∞

S L

LðtÞ
ðk2 � k1Þσ2H tk1−1

dt ≥ 0;

and

c2 ¼ lS
−k2
L � S

k1−k2
L

Z ∞

S L

LðtÞ
ðk2 � k1Þσ2

H t
k1−1

:

Plugging these into (6.11), we know that h must be of the form

hðSÞ ¼ Sk1 � S

S L

� �k2

S
k1
L

" #Z ∞

S

LðtÞ
ðk2 � k1Þσ2

H t
k1−1

dt

þ l
S

S L

� �k2

þ S

S L

� �k2

S L

Z S

S L

LðtÞ
ðk2 � k1Þσ2

H

S L

t

� �k2−1

� S L

t

� �k1−1
" #

dt:

Since Sk1 − S
S L

� �k2
S

k1
L ≥ 0 for S ≥ S L and

S L

t

� �k2−1
≥

S L

t

� �k1−1
for all t ≥ S L, h(S)≥ 0 for all S > S L. Strict

inequality for S > S L also follows from the above equation.
For S ≤ S L, PL(S) 5 K � S ≤ PH(S) by convexity of PH(S) and the boundary condition

PH ;S

�
S H

�
¼ −1. The strict inequality for S H < S ≤ S L follows from equation (3.5) and Corollary 3.6.

The proof is complete. “
Proof of Proposition 4.1. The proof is a slight modification of the proofs of Lemmas 3.3 and 3.4. “
Proof of Theorem 4.2. The proof proceeds in the same way as that of 3.7 and 3.8. “
Proof of Theorem 4.3. (i) Equations in (4.1) are derived in the next in this appendix. Since Pk−1

m ðtÞ is
bounded and n2 < n1 < 0 < 1 < n4 < n3, from (6.16) we can show that

lim
S→∞

jSnhukhðSÞj < ∞ for h ¼ 1; 2;

and
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lim
S→∞

jukhðSÞj < ∞ for h ¼ 3; 4:

Therefore, (4.2) follows immediately.

(ii) This result follows from a standard argument for a second-order ordinary differential equations.
“

Proof of Theorem 4.4.
Usemathematical induction on k. Theorem 4.2 establishes the proof for k5 1. The rest of the proof is

essentially the same as the proofs of Theorem 3.7 and Theorem 3.8. “
Derivation of Equation (4.1). Note that the homogeneous solution of the system of ordinary

differential equations is of the following form with four undetermined constants Ck

h’s:

wk
i ðSÞ ¼ C

k
1S

n1 þ C
k
2S

n2 þ C
k
3S

n3 þ C
k
4S

n4 ; wk
j ðSÞ

¼ C
k
1ξ1S

n1 þ C
k
2ξ2S

n2 þ C
k
3ξ3S

n3 þ C
k
4ξ4S

n4 :

In order to find the particular solution, we use the method of variation of parameters. We derive the
matrix equation

X 0ðSÞ ¼ PðSÞXðSÞ þ GðSÞ; (6.12)

where, for particular solutions fk

i and fk

j ,

XðzÞ ¼
�
fk

i ðzÞ; fk

j ðzÞ; fk

i

0ðzÞ; fk

j

0ðzÞ
�u

; GðzÞ ¼ 0; 0; �2βPk−1
i ðzÞ

σ2
i z

2
; �2βPk−1

j ðzÞ
σ2
j z

2

 !u

and

PðzÞ ¼

0 0 1 0

0 0 0 1

2ðr þ λi þ βÞ
σ2
i z

2

�2λi
σ2i z

2

�2r

σ2i z
0

2ðr þ λj þ βÞ
σ2
j z

2

�2λj
σ2j z

2
0

�2r

σ2j z

0BBBBBBBBB@

1CCCCCCCCCA
:

Also set the fundamental solution Φ to be

ΦðzÞ ¼
zn1 zn2 zn3 zn4

ξ1z
n1 ξ2z

n2 ξ3z
n3 ξ4z

n4

n1z
n1−1 n2z

n2−1 n3z
n3−1 n4z

n4−1

ξ1n1z
n1−1 ξ2n2z

n2−1 ξ3n3z
n3−1 ξ4n4z

n4−1

0BB@
1CCA: (6.13)

Note that the fundamental solution satisfies the following equation

Φ0ðSÞ ¼ PðSÞΦðSÞ: (6.14)

Also note that Φ(z) is invertible for all z > 0 if and only if the determinant of Φ(1) is not equal to zero.
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The method of variation of parameters is started by letting

XðSÞ≡ΦðSÞUðSÞ≡ΦðSÞ	uk1ðSÞ; uk2ðSÞ; uk3ðSÞ; uk4ðSÞ

u

(6.15)

From (6.12) and (6.14), we obtain

ΦðSÞU 0ðSÞ ¼ GðSÞ;
or equivalently,

UðSÞ ¼
Z S

S k
j

Φ−1ðtÞGðtÞdt:

Thus the particular solution can be represented as

fk

i ðSÞ
fk

j ðSÞ

 !
¼

X4
h¼1

Snh$ukhðSÞ

X4
h¼1

ξhS
nh$ukhðSÞ

0BBBB@
1CCCCA:

Consequently, the solution is of the form

Pk
i ðSÞ

Pk
j ðSÞ

 !
¼ wk

i ðSÞ
wk
j ðSÞ

 !
þ fk

i ðSÞ
fk

j ðSÞ

 !
¼

X4
h¼1

�
C

k
h þ ukhðSÞ

�
Snh

X4
h¼1

ξh
�
C

k
h þ ukhðSÞ

�
Snh

0BBBB@
1CCCCA:

After immediate calculation, we obtain

ukhðSÞ ¼
Z S

S k
j

t−nh−1
�
AhP

k−1
i ðtÞ þ BhP

k−1
j ðtÞ

�
dt; (6.16)

for some constants Ah and Bh. “
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