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Abstract

Purpose — This paper is devoted to the generalized Kadomtsev—Petviashvili I equation. This study aims to
propose a new approach for investigation for the existence of at least one global classical solution and the
existence of at least two nonnegative global classical solutions. The main arguments in this paper are based on
some recent theoretical results.

Design/methodology/approach — This paper is devoted to the generalized Kadomtsev—Petviashvili
I equation. This study aims to propose a new approach for investigation for the existence of at least one global
classical solution and the existence of at least two nonnegative global classical solutions. The main arguments
in this paper are based on some recent theoretical results.

Findings — This paper is devoted to the generalized Kadomtsev—Petviashvili I equation. This study aims to
propose a new approach for investigation for the existence of at least one global classical solution and the
existence of at least two nonnegative global classical solutions. The main arguments in this paper are based on
some recent theoretical results.

Originality/value — This article is devoted to the generalized Kadomtsev—Petviashvili I equation. This study
aims to propose a new approach for investigation for the existence of at least one global classical solution and
the existence of at least two nonnegative global classical solutions. The main arguments in this paper are based
on some recent theoretical results.
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1. Introduction

The Soviet physicists Boris Kadomtsev and Vladimir Petviashvili derived the equation that
now bears their name, the Kadomtsev—Petviashvili equation (shortly the KP equation), as a
model that describes the evolution of long ion-acoustic waves of small amplitude propagating
in plasmas under the effect of long transverse perturbations. A particular case of this model is
the Korteweg-de Vries (KdV) equation in the case of the absence of transverse dynamics. The
KP equation is an extension of the classical KdV equation to two spatial dimensions, and it

© Svetlin Georgiev, Aissa Boukarou, Keltoum Bouhali and Khaled Zennir. Published in e Arab Journal
of Mathematical Sciences. Published by Emerald Publishing Limited. This article is published under the
Creative Commons Attribution (CC BY 4.0) license. Anyone may reproduce, distribute, translate and
create derivative works of this article (for both commercial and non-commercial purposes), subject to full
attribution to the original publication and authors. The full terms of this license may be seen at http:/
creativecommons.org/licences/by/4.0/legalcode

Generalized
Kadomtsev—
Petviashvili I
equations

Received 18 August 2022
Revised 21 November 2022
Accepted 8 January 2023

C

Arab Journal of Mathematical
Sciences

Emerald Publishing Limited
eISSN: 2588-9214

p-ISSN: 1319-5166

DOI 10.1108/ATMS-08-2022-0195


http://creativecommons.org/licences/by/4.0/legalcode
http://creativecommons.org/licences/by/4.0/legalcode
https://doi.org/10.1108/AJMS-08-2022-0195

AJMS

was used by Ablowitz and Segur for modeling of surface and internal water waves and for
modeling in nonlinear optics, as well as in other physical settings.

The KP equation I can consider as a nonlinear partial differential equation in two spatial
and one temporal coordinate. There are two distinct versions of the KP equation, which can be
written in a normalized form in the following way:

(uy + 61ty + tyy), + 36°u,, = 0,

where u = u (x, y, 1) is a scalar function, x and y are the longitudinal and transverse spatial
coordinates, subscripts x, y, ¢ denote partial derivatives and 6> = +1. When ¢ = 1, this
equation is known as the KPII equation, and in this case, it models water waves with small
surface tension. In the case when ¢ = —1, this equation is known as the KPI equation, and in
this case, it models waves in thin films with high surface tension. In the references, the
equation is often written with different coefficients in front of the various terms. Note that the
particular values are inessential and they can be modified by appropriate rescaling of
the dependent variables and of the independent variables.

This paper is devoted to the IVP for the generalized Kadomtsev—Petviashvilli I (gKPI) equation

:(du + udeu + pPdu) +vopu =0, >0, (r,y)€R,

(1.1)
u(O,x,y) = MO(xvy)’ (x7y) € RZ:

where

HI. 1eN,1>5uyeC™(R?), |uylx,y)| <B, (x,y) € R B> 0is a given constant.
H2 v=x1,u>0.

In the particular case, when / = 5, equation (1.1) is reduced to the fifth-order KP I equation and
in the case [ = 3, equation (1.1) is reduced to the KP equation.

In Ref. [1], when / = 3, the authors the local well-posedness for the Cauchy problem for the
KP equation in certain Sobolev spaces. Generically, the solution of the KP equation develops a
singularity in finite time 7. It is discussed in Refs [2, 3] that this singularity develops at a point
where the derivatives become divergent in all directions except one.

In Ref. [4], the authors established the local well-posedness of the Cauchy problem for the

gKP I equation in anisotropic Sobolev spaces H**2(R) whens; > — "T‘l, Sy >0and a >4, and

global well-posedness in H**(R) when s; > — % and 4 < a < 5, as well as when
a(Ba—14)
$1> — G and a > 5.

Mechanical systems with impact, heartbeats, blood flows, population dynamics, industrial
robotics, biotechnology, economics, etc. are real-world and applied science phenomena which
are abruptly changed in their states at some time instants due to short time perturbations
whose duration is negligible in comparison with the duration of these phenomena. A natural
framework for mathematical simulation of such phenomena is differential equations when
more factors are taken into account, please see Refs [5-8].

This paper aims to investigate the IVP (1.1) for the existence of at least one and at least two
global classical solutions. In addition of (H1) and (H2), suppose

H3. geC([0, ) X R?)is a positive function on [0, c0) X R*such that

2(0,x,y) = g(t,0,y) =g(t,%,0) =0, (¢,x,9)€[0,00) X R,

and



1+1 1+1
2+ 1)1+ t)2<2 |x|f> (Z |y|f>
r=0

r=0
t X -y
/ / / 2ty 10,3 dydy
0 0 0

for some constant A > 0, and
H4. ¢ e€(0,1), A and B satisfy the inequalities eB1(1 + A) < Band AB; < 1.

Hb5. Let m > 0 be large enough and A, B, 7, L, R, be positive constants that satisfy the
following conditions

dt <A, (t,x,9)€0,00) X R%,

r<L<Ry, >0, R > i+1 L, ABl<]1.
S5m 5

In the last section, we will give an example of a function g and constants €, A, B, By, 7, L, R and
m that satisfy (H3)—(Hb5).

With X = C'([0, 00) X C""'(R?)), we denote the space of all continuous functions on
[0,00) X R* so that u, du, Oy, Ay, aiu, r =1, ..., + 1, exist and are continuous
on [0, 00) X RZ

Our main result for existence of at least one global classical solution is as follows.

Theorem 1.1. Suppose that (H1)—(H4) hold. Then the IVP (1.1) has at least one
solution u € X.

Next theorem is our result for the existence of at least two global nonnegative classical
solutions.

Theorem 1.2. Suppose that (H1)—(H3) and (H5) hold. Then the IVP (1.1) has at least two
nonnegative solutions uy, us € X.

The main idea for the proof of our main results is as follows. First, we find an integral
representation of the solutions of the IVP (1.1). Then we construct a pair of operators so that
any fixed point of their sum is a solution of the IVP (1.1). We find some a-priori estimates of
the defined operators and using some fixed point theorems we conclude the existence of at
least one global classical solution and the existence of at least two nonnegative classical
solutions of the IVP (1.1).

The paper is organized as follows. In the next section, we give some auxiliary results. In
Section 3, we give some preliminary results. In Section 4, we will prove our main results. In
Section 5, we give an example to illustrate our main results.

2. Auxiliary results

In this section, as in Ref. [9], we will give some basic definitions and facts which will be used in
this paper. Moreover, we will formulate the basic fixed-point theorems which we explore to
prove our main results. For more details, we refer the reader to the papers [10-14] and
references therein. To prove the existence of at least one global classical solution for the [IVP
(1.1), we will use the following fixed-point theorem.

Theorem 2.1. ([9, 12, 13]) Suppose that the constants € and B are positive constants. Let E be
a Banach space and define the set X = {x € E: ||x|| < B} and the operator Tx = —ex, x € X.
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Assume that the operator S : X — Eis a continuous operator and the set (I — S)(X) resides in a
compact subset of E. Let also,

{x€eE:x=2I-9S)x, |x|=B}=02 2.1)
for any 1€ (0,2). Then there exists x* € X for which one has

Tx* + Sx* = 0.

Below, assume that X is a real Banach space. Now, we will recall the definition of a completely
continuous operator in a Banach space.

Definition 2.2. [9] A map K : X — Xis called a completely continuous map if it is continuous
and it maps any bounded set into a relatively compact set.

For completeness, we will recall the definition of the Kuratowski measure of noncompactness,
which will be used to be define /-set contraction mappings when / € N,

Definition 2.3. [9] With Qx we will denote the class of all bounded sets of X. Then the
Kuratowski measure of noncompactness a : Qx — [0, o) is defined by

aY) = inf{é >0:Y = U Y; and diam(Y;)<sé, je{l,...,m}}.
=1
here, with diam (Y}) = sup{||x — y||x: %,y € Y}} we will denote the diameter of Y, j€ {1,. . ., m}.

For the main properties of the measure of noncompactness, we refer the reader to Ref. [10].
Now, we are ready to define an /-set contraction in a Banach space for any / € N,

Definition 2.4. [9] Amap K : X — Xis called an [-set contraction if it is continuous, bounded
and there exists a constant [ > 0 for which one has the following inequality

a(K(Y))<la(Y)

for any bounded set Y C X. The map K will be called a strict set contraction map if [ < 1.

Note that any completely continuous mapping K : X — Xis a 0-set contraction (see Ref. [11], p. 264).
Next, for our main results, we have a need for a definition of an expansive operator.

Definition 2.5. [9] Let X and Y be real Banach spaces. A map K : X — Yis called expansive if
there exists a constant h > 1 for which one has the following inequality

1K = Kylly 2 2l = yllx

forany x,y € X.
Now, we will recall the definition of a cone in a Banach space.
Definition 2.6. [9] A closed, convex set P in X is said to be cone if
1) axePforany a >0 and for any x € P,
@) x, —xePimplies x = 0.
Denote P = P\{0}. The next result is a fixed-point theorem which we will use to prove the

existence of at least two nonnegative global classical solutions of the IVP (1.1). For its proof,
we refer the reader to the paper [14].



Theorem 2.7. Let P be a cone of a Eanaga space E; Q a subset of P and U, Us and Us three
open bounded subsets of P such that Uy C Uy C Uz and 0 € Uy. Assume that T : Q — Pis an
expansive mapping with constanth>1, S _U 3= Eisak-set coﬁmcz‘ion withO<k<h—1and
S(Us) c (I = T)(Q). Suppose that (U,\U,) N Q#@, (Us\Uz) NQ#@, and there exists
uy €P  such that the following conditions hold:

1) Sx# I — D — Aug), for all A > 0 and x € 0U; N (Q + Auy),

(2) There exists € > 0 such that Sx # ([ — T)(Ax), for all A >1+¢, x€dUsand ix € Q,

B) Sx# U — D — Aug), for all A > 0 and x € dU3 N (Q + Au).
Then T + S has at least two non-zero fixed ponts x1, xo € P such that

X1 € 0U2 n Qandxg (S (U3\Uz) NnQ
or

X1 € (Ug\Ul) N Q&Hd%g (S (Ug\Ug) N Q.

3. Preliminary results
In this section, we will define suitable operators and we will deduct some a-priori estimates
which we will use to prove our main results. Let X be endowed with the norm

lu| = max sup  u(t,x,9),
(txy)

€[0,00) X R?

sup ‘atu(t7x7y)|7
(txy)€l0,00) X R?

sup  |du(t,x,y)l,

(txy)€l0,00) X R2

sup \Of,u(z‘,x,y)L

(txy)€[0,00) X R?

r=1,...,14+1, k=12, sup Iazxu(t,x,y)|}7

(tx.9)€[0,00) X R?
provided it exists. For # € X, define the operator
Sw(t,x,y) = ull,x,y) — uo(x,y)
+ /Ot(—éfu(tl,x,y) + 90, %,9) + (9e(tr, %,9))°

+u(t17x7y)axxu(t17xay)
+pP0 u(t, x,p) + vdyu(h, x,y))dh,
(t,x,y) €0, 00) X R?.
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In the next lemma, we will establish that any solution of an integral equation is a solution
to the IVP (1.1).

Lemma 3.1. Suppose that (H1) and (H2) hold. Let u € X be a solution of the equation
Syu(t,x,y) =0, (t,x,y)€0,00) X R*. 3.1

Then it is a solution of the IVP (1.1).

Proof. Let u € X be a solution of equation (3.1). Using the definition of S;, we get the following
integral equation

0 = ultry) - w(x)
t
+/ (_afu(tlyxyy) + ataxu(thxay) + (axu(tlvxvy))z
0

+M(t1:xay)axxu(tl7x7y)
+/,t26i+1u(t1,x,y) + yéyyu(tl,x,y))dtl, (t,x,y) €0, 00) X RZ.

For the last integral equation, we differentiate one time with respect to ¢ and we get the
following integral equation

0 = dwu(txy)
—0u(t,x,y) + 0;0,u(t, x,y) + ((9xu(z‘,x,y))2
Fu(t, x,y)0nu(t, x,)
I u(t, x,y) + vdu(t,x,y), (tx,5) €[0,00) X B2

Therefore

0 = ddu(t,x,y)+ (Bult,x,y))
+u(t,x,9)05u(t, x,9)
2 u(t, x,y) + vdyu(t,x,y), (tx,5) €[0,00) X B2

Thus, « satisfies the first equation of (1.1). Now, we put ¢ = 0 and we arrive at the equality

M(O7x>y) :MO(xay)7 (x:y)ER2'

From here, we conclude that # satisfies the second equation of (1.1). Consequently, « is a
solution to the IVP (1.1). This completes the proof. O

Now, we will give an a-priori estimate of the operator S;. For this aim, we define the
constant

By = (2+ |v| + 4*)B+ 2B

Lemma 3.2. Suppose that (H1) and (H2) hold. Let u € X be such that ||u|| < b, for some
constant b > 1. Then one has

|Slu(t>xvy)|SBl(1+t)v (t,x,y)e[O,oo)Xle.

Proof. By the definition of the operator S;, one gets



ISwu(t,x)| =

IN

<

<
This completes the proof.

|u(t,%,y) —uo(x,y)
t
+/ (—atu(tl,x,y)+6t6xu(t1,x,y)+(6xu(t1,x,y))2
0

+u(t,x,9)0u(ty,x,)
PO u(ty, x,) + vdyu(ty,x,y))dt|
|u(t,2,9)| + [uo(x,)]

t
+/ (|atu(tlvx7y)| + |ataxu(t17x7y)| + (axu(thx?y))z
0

+|M(t17x,y) Hax,ru(tlax7y)|
+ﬂ2|ai‘+1u(l‘17x’y>| + |y| |ayyu(t17x7y)|)dt1

t
23+/ (B+B+B*+ B+ ’B+ |v|B)dh
0

2B+ ((2+ |v| +4*)B+2B°)t
Bl(l+t)a (t’xvy)e [0,00) X R

For u € X, we define the operator

t x Y
Sou(t,x,y) = / / / (t— 1) — 1) (5 — 30) g (b, 30)Suteltr, 2,30 )y iy,
0 0 0

(t,x,y) €[0,00) X R% In the next lemma, we will give an estimate of the norm of the

operator S,.

O

Lemma 3.3. Suppose that (H1)«H3) hold. For u € X, ||u|| < B, one has the following estimate

[[Szu]| < ABs.

Proof. We will use the inequality (v + w)? <277 4+ w?),q > 0, v, w > 0, to find estimates for Syu
and its derivatives. Then, we will deduct the desired estimate for the norm of Sou. We have

|Sau(t,x,y)| =

IA

i

IN

IA

IA

t
Bi(1+1) /
0
t x Y
221+4Bl(1+t)2‘x|l+1ly|1+1/ ‘/ /g(t17xl’y1)dyldxl
0 0 Jo

(I+1)12%B (1 +1)* (Hzl x|?) (Hzl y|V)
r=0 r=0

t
><\/

Xy
/ / (t=h)|lx—x \M ly —y1|l+1g(t1,x1)dy1dx1
o Jo

dt

Xy
/ / g(t,x1,p1)dydxy |dby
0 Jo

< ABy, (tx,y)€[0,00) X RZ.

Now, we will estimate the first derivative with respect to ¢ of Seu. For it, one has

t X Y
/ / / (t—tr)(x—20) " =) gt ) Sty a0 )dydxdty
o Jo Jo

[feo

x ="y =y gt )| Suu(t, 20,91 | dyydiy

dt

dh
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t x Y
|0:Sou(t, x,3)| = ///(x_xl)Hl(y—yl)lﬂg(tl:xl)slu(tl’xl’yl)dyldxldtl
0 0 0
t X Y
= ///|x*x1|l+lb’*y1|ng(f1ax1)|51”(t1>x1»y1)|d3’1dx1 dh
0 0 0
t X Y
= BI/ / / e — x|y — 3 [ Mg, 1) dydn | dty
0 0 0
t X Y
< 2B+ )PP / / / g(t, 20, 91)dy,dx |dh
0 0 0
141 141
<+ DRMMB(1+ 1) (Z 'xr> <Z W>
r=0 r=0
t X y
></ //g(tl,xl,yl)dyldxl dh
0 0 0
S ABh (t7x7y) € [0’ 00) X RZ'

For the derivatives of Sou with respect to x, one deduct
|0 Sau(t,xy)| = ((4+1)...(1—7+2)

t X ry

/ / / (= 1) =)™ =30) gt 1) Sute(ts 1 9 sl
0 Jo 0

< (141)...(1—r+2)

t X ry
x / / / (t—t0) a7y [ g ()| Sty 01 dyn iy
0 0 0

< (z+1)!31(1+t)/ /Ox/oyaftl)

t
x—xi | =gt a0 dyidx
0
t Xy
< (+1)122 By (Lt o] / / / 2(ty o) dyydy
0 0 0

< (+1)127 B (142)* (ilxl? (ilﬂ)

t
X/

Xy
/ / g(thxl:yl)dyldxl
0 Jo

< ABy, (t,x,9)€[0,00) XR?, 7=1,...,14+1.

X

dt

dt

dt

dt

As above, one can get the following estimates

|08 Sau(t, x,y)| <ABi,  (t,x,y)€[0,00) X R, k=12

Note that for the mixed derivative d,,.Ssu%, one has



y
|0 Sou(t,x,y)] = (I+1) (x —x) (v —y1) " gt ;) Sult, 2 ,00)dn dndhy

< (+1) |x ally—nlMglt,) St e,) |dyidn |dh
< (+1)Bi(1+1) |x—x1|l\y —y1|l“g(t1,x1)dy1dx1 dh
< (z+1)v31221+331(1+t |x|z 11 g(t, 2.y, )dvda |dt
I+1 1+1
< (+1D)12%MB(141) (Z x| ) (Z w)
r=0
g(tl,xl,yl)dyldxl dty
< ABy, (tx,y)€[0,00) X RZ.
Thus,
||Sau|| < AB.
This completes the proof. O

In the next result, we will give other integral equations whose solutions are solutions to the
IVP (1.1).

Lemma 3.4. Suppose (H1), (H2) and let g €C([0, 00) X R) be a positive function almost
everywhere on [0, ) X R% If u € X satisfies the equation

SZ”(t7x7y) = Oa (t7x7y) € [07 00) S Rzy (32)

then u is a solution to the IVP (1.1).

Proof. We differentiate two times with respect to £, five times with respect to x and five times
with respect to y equation (3.2) and we find

g(t,x,9)Swu(t,x,y) =0, (t,x,5) €[0,00) X (R*\{{x =0}u{y=0}}),

whereupon
Sw(t,2,9) =0, (t,%,9) €[0,00) X (R*\{{x = 0} u{y = 0}}).
since Syu(-, -, +) is a continuous function on [0, c0) X R? we get
0 = {‘inolslu(t, 0,0) = 1inéSlu(O,x, 0) = lirrolslu((o, 0,y)
— x— -
= limSiu(t,x,0) = limSyu(¢,0,y) = lim S1#(0,x,y)
tx—0 ty—0 xy—0
= tlimoSlu(t,x,y).
thus, e

Swut,x,y) =0, (t,2,9) €[0,00) X RZ.
hence and Lemma 3.1, we conclude that # is a solution to the IVP (1.1). This completes
the proof. O
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4. Proof of the main results
4.1 fjroofof Theorem 1.1

Let ¥ denote the set of all equi-continuous families in X with respect to the norm || -||. Let also,
Y = Ybetheclosureof ¥, Y = YU {uo},

Y = {ue Yl sB}.
Note that Y'is a compact set in X. For # € X, define the operators

Tu(t,x,y) = —eu(t,x,y),
Su(t,x,y) = u(t,x,y)+ eu(t,x,y) + eSu(t,x,y), (t,x,5) €[0,00) X R

For u € Y, using Lemma 3.3, we have

(I = Sull = |leu — eSull
< elull + €| Saull
< EBl+6ABl
= Bi(1+A)
< B

Thus, S: Y — Eis continuous and (/ — S)(Y) resides in a compact subset of £. Now, suppose
that there is a # € E so that ||«|| = B and

u=AI—S)u,

or

lu = —Su=—eu — eSou,

A
1
<z + e)u = —eSou,

for some A € (0,1). Hence, ||Syu|| < ABy < B,

or

1 1
eB < (z—i-e)B: (z—ke)HuH = €||Sou|| < €B,

which is a contradiction. Hence Theorem 2.1 follows that the operator 7'+ S has a fixed point
u* € Y. Therefore,
w(t,x,y) = Tu'(t,x,y)+ Su*(t,x,y)
= —ar(t,x,y) +u(t,x,y) + eu (¢, x,9) + eSou’(t, x,¥),
(t,x,5) €[0,00) X R?,

where
0= Sou*(t,x,y), (t,x)€[0,00) X R

from here and from Lemma 3 4, it follows that  is a solution to the IVP (1.1). This completes
the proof.



4.2 Proof of Theorem 1.2
Let X be the space used in the previous section. Let also,

P={ueX:u>0 on [0,00)XxR*}.

with P we will denote the set of all equi-continuous families in P. For v € X, define the
operators

L
Tw(t,x,y) = (1+meo(t,xy)— 61—0,

L
Ssu(t,x,y) = —eSw(t,x,y) —mev(t,x,y) — EE’

te0, %), (x,y) € R% Note that any fixed point » € X of the operator 7} + S is a solution to
the IVP (1.1). Define

Uy = P,={veP:|v| <},
Uy, = Pr={veP:|v| <L},
Us = Pr={veP:|v| <R},
R, = R +%B1 +%7

Q = Pg,={veP:|v]|<R:}.

(1) Let vy, vy € Q. Then, we get

||T11)1 — T]i/g” = (1 + ME)H1)1 — ’1}2”.

from the last equality, we conclude that the operator 77 : Q — Xis an expansive operator with
aconstant 2 = 1 + me > 1.
(2) Take v € Pp, arbitrarily. Then

L
€l|Sqv| + me||v|| + {;’E

L
8<ABl+WLR1 +E>

1S3

IA

IA

from the last inequality, we conclude that the set S3(Pg, ) is uniformly bounded. Because the
operator Sj : le — X is a continuous operator, we get that S3 (7_3131) is equi-continuous.
Therefore, the operator Ss : 773131 — X is a 0-set contraction.

(3) Take vy € P, arbitrarily. Set

1 L
Vo =1 +—Sov; +—.
m om
note that Syv1 +£>0 on [0, 00) X R% Therefore, v5 > 0 on [0, c0) X R* and we have the
following estimate
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M ool < ol S+
A L
< Ri+—Bi+-—
m Sm
= Ry
consequently vs € Q. Moreover,
_ oS el L
EMVy = —EMV1 EDU 810 810
or
(I-Tyv, = —emv +e£
1)v2 - 2 10
= 537}1.

Therefore, S5(Pr,) € (I - T1)(RQ).

(4) Suppose that for any v, € P*, there exist 4 > 0 and z€dP, N (Q+ Avy) or
2€0Pp, N (Q + Avy) such that

SgZ = ([ — Tl)(Z — /11)0).

hence,

—€Soz — mez — e— = —me(z — Avy) + €

10 10

or
L
—Soz = Amwy + =

from the last equation, we arrive at

L
= |4 — —.
||SzZH H m00+5 5

|-
>
this is a contradiction.
(5) Assume that for any €; > 0 small enough there exist a x; € 9P, and 4; > 1 + ¢ such
that A%, € Pg, and
Ssy = (I — Th) (hx). 4.1

When ¢ > ﬁ, one has x1 € 9P, lix1 € Pr, 41 > 1 + € and (4.1) holds. Since x; € 9P, and
21X € P, it follows that

2
<—+ 1)L <MhL= /11”96'1“ <R;.
5m

in addition,
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L
Sax1 + 5= (& — Lymxy.
hence,
L L
263 S+ = (s = sl = (s~ VL,
and

2
—+1>1
5mJr =7

which is a contradiction.

Therefore, all conditions of Theorem 2.7 hold and the IVP (1.1) has at least two solutions #;
and 5 so that

]| = L < [[ea]| < Ry,
or
r <llm| <L < |uz|| < Rs.

5. An example
Below, we will illustrate our main results. Let B = y = v = 1 and

1 1
= = = = 50 = — = _—
R =10, L=5 r=4, m=10" A 5B € BT A)
let also,
Wo(ry) = (53R
Oxvy _1+x2+y27 7y M
then
Bi=2+2+2=6,
and

AB, :%<B, Bi(1+A4) <1,

i.e. (H4) holds. Next,



AJMS r<L<Ry, €>0, R1>(5%+1>L, AB1<%.

ie. (H5) holds. Take

1+ sl+1\/§ + §2+2 SHI\/Q

h(s) = logHM—W’ I(s) = arctany— 5, S€ R, s#=+l.
then
K = 2v2(1+1)s' (1 - s**9)
(1 N Szz+z) (1 _¢2 4 szz+z)’
] 1 21 1 21+2
I'(s) = U+ )£SS£I+4+S ), SER, s#=+l.
therefore

1+1
lim " s'h(s) = lim 1s) = lim

2\/2([4— 1)31 (1 _ Szl+2) (Ziilosr) 2

=—lim

and
I+1 /
lim " s7(s) = lim ©) _ i O
S—+o0 =0 S—+o00 T ; S—»ioo_zyzu(wrl)s’,
=0 1\ 2
()
2
(I +1)V2s (1 +s7+2) (Zl:os’)
= — lim p +00.
I (L) (S 4+ 1)
consequently
1+1
—0 < lim <Zs’>h(s) < o0,
S§—+00 r—0

1+1

—o0 < lim <Zsr>l(s) < 0.
S—>+00 pry

hence, there exists a positive constant C; so that

s—+00 (Zi:o(r"' 1)sr) (1 —SIH\/Q +521+2) (1 _ SZH\/Q +SZZ+2) #£00



I+1 1+Sl+1\/_ +SZI+2 1

-+
Z' I 4z+4 \f Bz ¢+ 27 (2 +2)v2
< C17

s € R. Note that hm1 I(s) = 2and by Ref. [15] (p. 707, Integral 79), we have

+— rctan

/ dz 1 1 g 1+2vV2+2 1 2\/5
1+2 7 42 “1-2/2+2  2v2 2

let

and

&t %,3) = QORAWQY), te,o), (ry)eR”

then there exists a constant C > 0 such that

22 L DI+ 1) <lf: x| ) (lf: bl )

r=0

dtl < Ca

Y
g1(t, %1,3)dydxy
0

(t,x,9) €[0,00) X R%
let
g(t,x,y) = Cglz‘xy (t,x,y) €[0,00) X R®.

then

r=0

221+ 1)I(1 + 1) (lf: x| ) (lf: bl )

Y
g(tlaxlvyl)dyldxl dtl SAy (tv x7y) € [07 00) X R

i.e. (H3), holds. Therefore, for the IVP

arctan
1

*)

[+1
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3y (e + udeu + pPdu) +voyu =0, >0, (x,y)€R,
1

= b x7 ERZ’
1422457 (5.)

u(0,x,)

are fulfilled all conditions of Theorem 1.1 and Theorem 1.2.
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